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Abstract. We study the dynamical aspects of dark energy in the context of a non-minimally
coupled scalar field with curvature and torsion. Whereas the scalar field acts as the source of
the trace mode of torsion, a suitable constraint on the torsion pseudo-trace provides a mass
term for the scalar field in the effective action. In the equivalent scalar-tensor framework,
we find explicit cosmological solutions representing dark energy in both Einstein and Jordan
frames. We demand the dynamical evolution of the dark energy to be weak enough, so
that the present-day values of the cosmological parameters could be estimated keeping them
within the confidence limits set for the standard ΛCDM model from recent observations.
For such estimates, we examine the variations of the effective matter density and the dark
energy equation of state parameters over different redshift ranges. In spite of being weakly
dynamic, the dark energy component differs significantly from the cosmological constant,
both in characteristics and features, for e.g. it interacts with the cosmological (dust) fluid in
the Einstein frame, and crosses the phantom barrier in the Jordan frame. We also obtain the
upper bounds on the torsion mode parameters and the lower bound on the effective Brans-
Dicke parameter. The latter turns out to be fairly large, and in agreement with the local
gravity constraints, which therefore come in support of our analysis.
Keywords: dark energy theory, modified gravity, cosmology of theories beyond the SM.
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1 Introduction
Despite a host of recent developments, cosmology is faced with a vexed question: to what
extent a dynamical evolution of dark energy (DE) is tenable, as opposed to a cosmological
constant Λ, in driving the late-time cosmic acceleration? [1–7]. While the well-known “fine
tuning" problem with Λ [8–12] prompts one to look into the theoretical aspects of a dynamical
DE, observations generally favour the ΛCDM model (with Λ and the cold dark matter (CDM)
as the dominant energy contributors in the universe) [13–16]. Nevertheless, the type Ia
supernovae data [17–19], as well as the WMAP [20, 21] and PLANCK results [22, 23], do
provide some room for a DE with at least a slowly time-varying equation of state (EoS)
parameter w
X
, on an average close to the ΛCDM value (equal to −1).
Extensive studies of the dynamical aspects of DE have explored a wide variety of its
candidates [3–7]. Most common are of course the scalar fields, e.g. quintessence, k-essence,
dilaton, tachyon, chameleon, etc. [24–42], and the aerodynamic fluids, such as the Chaplygin
gas and its variants [43–45]. Some of these have their origin traced from underlying string/M
theories [46–48] or brane-world scenarios involving Dirac-Born-Infeld (DBI) actions [49–52].
Besides, a considerable attention have been drawn in recent years by the DE models in
modified/alternative theories of gravity [53–60] (e.g. the f(R) theories1 [61–65]). In many
occasions, such purely geometric theories have one-to-one mapping with scalar-tensor theories
1Characterized by arbitrary functional dependence of the gravitational Lagrangian on the Ricci scalar R.
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[66–72], and as such can give rise to interacting (or unified) dark energy-matter scenarios [73–
81] under conformal transformations. A class of theories that comes under the alternative
gravity category, is that of scalar field(s) coupled to gravity with torsion, viz. the metric-
scalar-torsion (MST) theories [82, 83]. Our objective here is to look for cosmological models
that emerge out of these theories, particularly from the DE perspective.
Torsion, which geometrically manifests the classical spin density, is a third rank (par-
tially) antisymmetric tensor field introduced via the covariant derivative in theoretical formu-
lations of gravity in the Riemann-Cartan space-time [84–92]. Such theories, unlike General
Relativity (GR), are characterized by an asymmetric (but metric-compatible) affine connec-
tion, a two-index antisymmetrization of which is identified as the torsion. The study of
torsion has a very long history that traces back to the attempts of Cartan and Einstein, in
early 1920s, to unify the fundamental interactions in the spirit of general covariance [84–92].
Modern conception of torsion is often apprehended as a classical background being provided
for quantized matter with spin, and as such torsion could be a low energy manifestation of
a fundamental (quantum gravitational) theory [82, 93–95]. For instance, the massless anti-
symmetric Kalb-Ramond (KR) field in closed string theory is argued to be the source of a
completely antisymmetric torsion in the low energy limit [96, 97]. Many implications of such
a KR-induced torsion have been studied in detail, both in the four dimensional framework as
well as in the extra dimensional scenarios [98–126]. Cosmology in particular being a major
testing area for torsion, a few pertinent works worth special mention, viz. the non-singular
cosmological models with torsion induced from vacuum quantum effects [127–129], the tor-
sion quintessence models [130, 131], the f(T ) models in teleparallel theories [132–144], and
the models based on the extended gravity theories [145–147] and the Poincarè gauge theory
of gravity (see [148] for a classic compilation of contemporary works, see also [149–158]).
We in this paper study the extent to which torsion, via its coupling with curvature and
a scalar field (viz. the MST coupling), can provide a self-consistent explanation of the DE
evolution. In particular, restricting ourselves to homogeneous and isotropic cosmologies, we
resort to a specific MST formalism that can accommodate a viable model of DE with presum-
ably slow dynamics, not differing much from ΛCDM. Conversely, from a supposition that such
a DE model is indeed tenable in a MST cosmological setup, and the predicted cosmological
parameters are within the limits given by the ΛCDM error estimates from recent observations,
we look to determine the bounds on the torsion mode parameters, and hence constrain the
MST theory. Our main assumption is of a specific non-minimal coupling of the scalar field
with the four-dimensional Riemann-Cartan (or U4) Lagrangian. One motivation for this is to
avoid a well-known uniqueness problem encountered while defining equivalent actions under
the (usual) minimal coupling scheme, upon integrating out the boundary terms in four di-
mensions [82]. The non-minimal MST action inevitably implies that the (vector) trace mode
of torsion is sourced by the (supposedly primordial) scalar field, and hence gets eliminated
via a constraint relation. Moreover, the assumption of a homogeneous and isotropic universe,
described by the well-known Friedmann-Roberstson-Walker (FRW) metric, puts certain re-
strictions on the torsion degrees of freedom. Specifically, since the four-dimensional FRW
space-time is foliated into three-dimensional maximally symmetric hypersurfaces of constant
time, only those torsion tensor components that uphold the maximal symmetry can exist,
and that too with a constrained coordinate dependence [159–165]. Suitable implementation
of such constraints (or a few alternative ones) in the action may result in the scalar field
picking up an effective mass, in addition to its inherent mass (if any), at the expense of one of
the torsion modes, viz. the completely antisymmetric or the pseudo-trace mode. One is thus
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left with a scalar-tensor theory equivalent action that exhibits a non-minimal coupling of a
massive scalar field with the Riemannian curvature scalar R in four dimensions. We obtain
exact particular solutions of the field equations derived from such an action, and make their
parametric estimations, in course of building up a viable DE model.
While dealing with the effective scalar-tensor theory, we resort to the formulations in
both the Einstein frame and the Jordan frame (in which the corresponding MST action gets
reduced to the Brans-Dicke (BD) form [66–68]). Whereas the Jordan frame exhibits an explicit
non-minimal coupling of the scalar field with curvature, in the Einstein frame the scalar has
an inherent coupling with the cosmological matter (which we take as the non-relativistic dust).
Being related by a conformal transformation, these two frames are mathematically equivalent.
However, their physical equivalence is not ensured and can be reinstated only by a redefinition
of the units of mass, length and time under the transformation. This makes the gravitational
coupling constant in one frame, evolving with time in the other. As the formulation of a
physical theory in a frame with a running coupling parameter is generally not feasible, in the
literature one often finds a rigid set of units chosen for either of the frames, which of course
destroys their physical equivalence [67, 68]. So it becomes difficult to decide which frame is
suitable for interpreting observational results. Without getting into this much debated issue
(which has no clear resolution till date), we carry out the MST cosmological analysis in both
Einstein and Jordan frames, taking one or the other to be physical. Of course, for the Jordan
frame cosmology we actually resort to certain definitions and parametrizations that in a way
enable us to avoid a direct confrontation with the running gravitational coupling parameter.
As mentioned earlier, the assumption of weak DE dynamics allows for a parametric es-
timation in comparison with ΛCDM. We take into account the ΛCDM parametric marginal-
izations due to the WMAP nine year data [20, 21] and the PLANCK 2015 data [22, 23] (with
combinations of high redshift supernovae of type Ia, lensing, and Baryon Acoustic Oscillations
(BAO) data). We follow certain procedures in which we impose, for example, the condition
that the effective (MST) Hubble constant H0 to be within the 68% confidence limits of the
corresponding ΛCDM Hubble constant H0 , for a given dataset. This in principle enables us
to work out the bounds on the quantities of interest, such as the non-minimal coupling pa-
rameter β (or equivalently, the effective BD parameter w), and the torsion parameters (that
are taken to be lengths of the trace and pseudo-trace mode vectors). Although approximate,
for not being derived via a full fledged likelihood analysis, these bounds are of importance
qualitatively (and to some extent quantitatively) in demonstrating the following:
• A slowly dynamical DE may result from even a small amount of torsion, via the coupling
of the latter with a scalar field. As such, one may have an indirect observational
signature of a fundamental theory (e.g. string theory), if torsion or(and) the scalar field
is(are) considered as low energy manifestation(s) of the same.
• It suffices to consider only a mass term for the scalar field. No other form of its potential,
nor a cosmological constant, is necessary for a slight deviation from the ΛCDM model.
• The scalar field mass (or part thereof) may effectively be due to torsion’s pseudo-trace
vector Aµ, via for e.g. the norm fixation or higher order effects of the latter (which
would then play a key role in the DE evolution, as opposed to torsion’s trace mode).
Besides these, the very assumption of the weak dynamics of DE gets independent support in
both Einstein and Jordan frames, as the upper limit of the non-minimal coupling parameter
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turns out to quite low, implying a large lower limit of the effective BD parameter w, consistent
with the local gravity constraints on the latter [166–169].
The organization of this paper is as follows: we start with the general discussion on the
MST formalism in §2, and in particular motivate the non-minimally coupled gravity-scalar
field action in the Riemann-Cartan space-time. The standard cosmological setup for the MST
coupling is described in §3, in which the MST action is reduced to an equivalent scalar-tensor
form by using the constraints on the torsion modes in a spatially flat FRW universe. We
also make propositions for a scalar field mass term out of the torsion pseudo-trace mode, and
define the effective torsion mode parameters in Jordan and Einstein frames. In §4, we make
a comprehensive study of the DE evolution in the Einstein frame. We work out first the
appropriate cosmological solution for the same. Then the parametric estimations are done
using a comparative analysis, taking the six parameter base ΛCDM model as the reference.
We follow two procedures that depend on the choice of the cosmological parameter(s) relevant
for determining the statistical bound on our model parameter. For different datasets, this
bound is utilized to obtain the plots for various quantities of interest, and to study their
characteristic difference with those for ΛCDM. Finally, we work out the bounds on the torsion
mode parameters and the effective BD parameter (or, rather the one for the non-minimal
coupling, from which the Einstein frame cosmology stems out). A similar analysis is done in
§5, for the Jordan frame MST cosmology. The most striking feature we notice in the Jordan
frame is the effective crossing of the so-called ‘phantom barrier’ which leaves the universe in a
‘superaccelerating’ regime at the present epoch. For correlating the results of the analysis in
Einstein and Jordan frames, we discuss in §6, the difference between our approach and that of
an alternative one which takes into consideration the transformation of the model parameters
(and other derived quantities) under the redefinition of length, mass and time in terms of the
conformal factor. We conclude with a brief summary and some open questions in §7.
Notations and conventions : We choose to work in units with the speed of light c = 1.
The Newtonian gravitational coupling factor is denoted by κ2 ≡ 8πG. A subscript ‘0’ affixed
to the cosmological quantities denotes their values at the present epoch. The metric signature
throughout is (−,+,+,+), and the determinant of the metric tensor gµν is denoted by g.
2 Metric-torsion coupling with a scalar field — the general MST formalism
Let us briefly review some important aspects of the four dimensional Riemann-Cartan (U4)
space-time, which is characterized by an asymmetric affine connection Γ˜λµν
(
6= Γ˜λνµ
)
.
The torsion tensor, defined by
T λµν := 2 Γ˜
λ
[µν] ≡ Γ˜λµν − Γ˜λνµ , (2.1)
can in general be decomposed in its irreducible modes as [82, 159, 170]
T λµν =
1
3
(
δλν Tµ − δλµ Tν
)
+
1
6
ǫλµνσAσ + Qλµν , (2.2)
where Tµ := T νµν is torsion trace vector mode, Aσ := ǫαβγσ Tαβγ is the torsion pseudo-trace
vector mode, and Qµνσ is the (pseudo-)tracefree tensorial mode of torsion.
The U4 curvature scalar is expressed as
2
R˜ := R − 2∇µ T µ − 2
3
TµT µ + 1
24
AµAµ + 1
2
QµνσQµνσ (2.3)
2We correct a couple of misprints in Eq. (A.22) of ref. [159].
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where R is the four dimensional Riemannian (R4) curvature scalar, and ∇µ denotes the
usual R4 covariant derivative defined in terms of the Riemannian Levi Civita connection
Γλµν
(
= Γλνµ
)
. The U4 covariant derivative ∇˜µ, on the other hand, is defined in terms of the
asymmetric connection Γ˜λµν , so that the metricity condition ∇˜µgαβ = 0 holds.
Our starting point is the U4 action non-minimally coupled to a scalar field φ:
S =
∫
d4x
√−g
[
βφ2
2
R˜ − 1
2
gµν ∂µφ∂νφ − V (φ)
]
, (2.4)
where β is a dimensionless coupling parameter, V (φ) is a self-interacting potential for φ. The
non-minimal coupling may be motivated as follows:
In the four-dimensional Minkowski (M4) space-time, with metric ηµν = diag(−1, 1, 1, 1),
the scalar field Lagrangian is given in the standard form and an equivalent form (up to a total
divergence term) respectively as
L(φ) = −
1
2
ηµν∂µφ∂νφ − V (φ) , and L′(φ) =
1
2
ηµνφ∂µ∂νφ − V (φ) . (2.5)
When coupled to curvature in the Riemannian (R4) space-time, via the minimal coupling
(MC) scheme (∂µ → ∇µ), the scalar field has Lagrangian given by either of the equivalent
forms, viz. the generalization of L(φ) and the generalization of L′(φ), which differ by a R4
divergence term. However, in the Riemann-Cartan (U4) space-time having torsion, the MC
generalizations (∂µ → ∇˜µ) of L(φ) and L′(φ) no longer remain equivalent, as their difference is
not just a total divergence in U4, but in addition a term proportional to
√−g φ2∇µT µ [82].
The choice of the Lagrangian for a minimally coupled metric-scalar-torsion (MST) theory
therefore becomes ambiguous. The remedy to this is to modify the overall MST action by
including a term that would cancel the above additional term (plus a total divergence at most).
Such a modification may require one to resort to the whole exercise of suitably generalizing
the standard Gibbons-Hawking-York (GHY) boundary term in presence of the torsion and
scalar degrees of freedom. As an alternative however, one may simply look beyond the MC
prescription, and propose a MST action which explicitly has a counter-term given as a contact
interaction of the scalar field φ with the torsion trace mode3, or at least with its (Riemannian)
covariant derivative ∇µT µ. Now, it would seem quite a contrived setup if only the ∇µT µ term
is picked up among the host of terms in R˜ (given by Eq. (2.3)) and made to couple with φ
via a contact interaction. So to maintain regularity in the terms, we choose to couple the
field φ non-minimally with the entire U4 Lagrangian
√−g R˜ in Eq. (2.4) above4. Using now
Eq. (2.3) we rewrite the MST action (2.4), up to a divergence term, as
S =
∫
d4x
√−g
[
βφ2
2
(
R + 4T µ ∂µφ
φ
− 2
3
TµT µ + 1
24
AµAµ + 1
2
QµνσQµνσ
)
− 1
2
gµν ∂µφ∂νφ − V (φ) + L(m)
]
, (2.6)
where L(m) stands for the Lagrangian density of the cosmological fluid matter, fermions, etc.,
that are to be coupled as well.
3Note that a scalar field could be minimally coupled to the U4 action without any ambiguity when torsion is
traceless (or completely antisymmetric, such as that induced by the string theoretic Kalb-Ramond field).
4More general MST actions are also there in the literature [82]. However we restrain from using those as they
would involve more than one coupling parameter, which may affect the predictability of the theory.
– 5 –
3 MST theory in the standard cosmological setup
To study the cosmological consequences of the MST coupling, let us resort to the following
widely accepted scenario:
1. The universe is homogeneous and isotropic at large scales, with the spatially flat FRW
metric structure
ds2 = − dt2 + a2(t) (dr2 + r2 dΩ22) , (3.1)
where t is the comoving time coordinate, and a(t) is the cosmological scale factor.
2. The cosmological fluid is of the form of a pressureless dust, with energy density ρ(m)(t).
As is well-known, the FRW metric describes a four-dimensional space-time foliated into three-
dimensional maximally symmetric subspaces identified as hypersurfaces of constant time. For
the maximal symmetry to be preserved in presence of torsion, the latter gets constrained from
the requirement of its form-invariance under such symmetry. An in-depth study in ref. [159]
(see also [160–165]) reveals that for determining such constraints on torsion, one may in
principle resort to two schemes depending on whether torsion plays a passive or an active
role in implementing the very concept of maximal symmetry. In one scheme, in which max-
imal symmetry is attributed solely to the metric properties of space-time, the FRW metric
structure restricts torsion to have at most four non-vanishing independent components, viz.
T110, T220, T330 and T123, each of which can depend on time only. In the other scheme, in which
torsion directly affects maximal symmetry, following strictly the principle of general covari-
ance, some more independent torsion components with only time-dependence, viz. T001, T002
and T003, are allowed in the FRW context [159]. Hence, for the irreducible torsion modes,
one finds that both the schemes are in agreement yielding Qµνσ = 0 and Aµ = δµ0λ(t) where
λ(t) is a pseudoscalar function of time. The disagreement comes when one scheme allows
only the T0 component of the torsion trace vector Tµ, whereas the other scheme allows all the
components (with some restrictions though). Nevertheless, this is not a concern for us since
we are considering the cosmological matter to be the non-relativistic dust, having no explicit
dependence on torsion. As such, Tµ being an auxiliary field, satisfies the constraint
Tµ = 3 ∂µφ
φ
, (3.2)
which (in conjunction with Qµνσ = 0) implies the MST action (2.6) reducing to
S =
∫
d4x
√−g
[
βφ2
2
(
R + 1
24
AµAµ
)
− (1− 6β)
2
gµν ∂µφ∂νφ − V (φ) + L(m)
]
. (3.3)
This has an arbitrariness left in it though, viz. the choice of the potential V (φ). Now, in
analogy with the gravitational field, torsion is conventionally taken to be massless [82, 85, 87,
88, 93–95]. In the MST context therefore, since the scalar field φ acts as the source of the
trace mode of torsion (by virtue of the relation (3.2)), one expects φ to be massless as well.
We however make the allowance for φ to have a mass mφ, i.e.
V (φ) =
1
2
m2φ φ
2 . (3.4)
In fact, a scalar field mass term may be induced effectively in the FRW space-time, at the
expense of the torsion pseudo-trace mode Aµ, as demonstrated below.
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3.1 Effective scalar field mass via torsion pseudo-trace
The above constraint Aµ = δµ0λ(t) can in principle be implemented in the theory by using a
Lagrange multiplier field. Now, in the literature one often finds that phenomenological studies
are done with the approximation of a constant (or very weakly evolving) torsion background
[82, 171–177]. In the same spirit we may therefore make an additional assumption that the
pseudoscalar λ(t) is rolling so slowly that it may effectively be replaced with its average 〈λ〉
over a very large cosmological time-scale (possibly stretching well past the redshift of last
scattering z
LS
≃ 1089, so that dust cosmologies would not get affected anyway). In other
words, it is reasonable to invoke a modified constraint Aµ = δµ0 〈λ〉, by augmenting the action
(2.6) [or (3.3)] with a Lagrange multiplier term, so that the Aµ-dependent part of (2.6) is
S
A
=
∫
d4x
√−g βφ
2
2
[
1
24
AµAµ + (Aµ − δµ0 〈λ〉)Lµ
]
, Lµ := Lagrange multiplier . (3.5)
It then follows that in the FRW space-time Lµ =
−Aµupslope24 =
(〈λ〉upslope24, 0, 0, 0) , whence
S
A
= −
∫
dt
∫
d3x a3(t)
[
1
2
m2
A
φ2(t)
]
, with m
A
= 〈λ〉
√
β
24
. (3.6)
This corresponds to the part of the scalar field action, due to a mass-like potential, which
however has conformal properties different from that of the usual scalar field mass term (3.4).
In fact, note that Eq. (3.6) holds only for the FRW space-time metric in comoving coordinates
(with constant lapse function). In other space-times (or coordinate systems), the Lagrangian
would carry a factor proportional to the metric component g00 , and would therefore get
affected in a different way than a scalar field mass term under conformal transformations5.
As possible alternative ways of inducing, via the Aµ mode, a mass term for the scalar
field φ with its usual conformal properties preserved, we may resort to one of the following:
Proposition 1: Refer for instance to some variants of the vector-tensor gravity theories,
viz. the Einstein-æther (EA) theories [179–187], in which a fixed expectation value for a
time-like vector field (dubbed “æther") is enforced via a norm-fixing constraint, using a La-
grange multiplier6. The objective is to see the consequences of breaking the local Lorentz
invariance, albeit with the general covariance preserved. In fact, a preferred rest frame at
each point in the space-time can be apprehended in view of the untested nature of the local
flatness condition in certain domains. The boost parameter for example, unlike the rotation
group, remains unbounded from above, thus making it physically impossible to perform a
uniform check. Actually, the problem with the exact Lorentz invariance is that it leads to
divergences in quantum field theories relating to states with very high energies and momenta.
Lorentz violation is hence desirable (for the ultraviolet completion of a gravitational theory),
provided the preferred frames are determined by a suitably constrained æther field, in a way
that the general covariance holds [179–181, 185–187]. The space-time metric itself may serve
5This is reminiscent of the rather simple metric-torsion cosmological setup in [82, 127, 178], involving only the
completely antisymmetric (or the pseudo-trace) mode Aµ of torsion. For a contact interaction of Aµ with
a conformally constant spinor current Jµ, assumed therein, the ensuing constraint equation implicates the
norm of Jµ as a cosmological constant, albeit with different conformal properties.
6In fact, Lagrange multipliers have been commonly used to enforce suitable constraints in quite a few cos-
mological studies or in the formulation of gravitational theories, for e.g. the ‘dusty dark energy’ models
[188–190], some higher derivative gravity theories [191–195], and the mimetic gravity scenarios [196–204].
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the purpose, however that would lead to an indefinitely non-local nature of the field equations
resulting in a highly unstable theory. So it is convenient to consider the æther to be an inde-
pendent local field, usually a time-like vector vµ, satisfying vµv
µ = −1 [179–181, 186]). The
integral curves of vµ supposedly represent the flow of an “æther fluid", and vµ itself measures
the four-velocity tangent to the flow [186]. In principle, vµ need not necessarily be dynamical.
It could be a background field, non-minimally coupled to a scalar field in the theory, which
would nevertheless be dynamically over-constrained then, and hence inconsistent [186].
Considering torsion or(and) non-metricity to play an active or supportive role in the
EA theories has been an alluring proposition, right from the pioneering works of Gasperini
[205, 206] to the rather recent work of for e.g. Heinicke, Baekler and Hehl [207]. By the
same instinct, we may ponder over the possibility that the torsion pseudo-trace mode Aµ
may effectively lead to the realization of the æther vµ, and hence of the preferred frame
at every space-time location. The fact that Aµ is inherently time-like in a cosmological
setup, fits well with such aspiration. Also, inducing the æther via a pseudovector (or the
gradient of a pseudoscalar, for e.g. an axion) is nothing new in the literature [208–210].
We may therefore consider making an identification (via a Lagrange multiplier constraint)
of vα with the unit vector Aµupslope|A| (where |A| :=
√−gµνAµAν), whence it is automatically
ensured that vµv
µ = −1. However, the consistency requirement of vµ to be dynamical then
necessitates Aµ to be a propagating mode of torsion. Propagating torsion theories have been
studied extensively in the literature [82, 89, 97, 219–224] and have had several interesting
consequences. Nevertheless, in the context of our MST formalism developed so far, the rather
enticing scenario is that in which the apriori non-propagating torsion mode Aµ acts as the
source of a ‘dynamical’ æther field vµ. This could be realized by simply taking into account
certain interaction term(s) of Aµ and vµ in the effective MST action, alongwith a Lagrange
multiplier term that imposes the constraint vµv
µ = −1. The (Aµ, vµ)-dependent part of the
MST action would then read:
S
A,v
=
∫
d4x
√−g βφ
2
2
[
1
24
AµAµ + K (vµ,∇µvν, gµν) + V (Aµ, vµ) + (vµvµ + 1)L
]
, (3.7)
where L is a scalar Lagrange multiplier field, K (vµ,∇µvν, gµν) denotes the kinetic term for
the æther vµ, having the contributions of the expansion, shear, vorticity and acceleration of
the flow [186], and V (Aµ, vµ) is the interaction potential. Note that we have kept for brevity
the factor βφ2 as representing an overall coupling of the scalar field φ with both Aµ and vµ.
Therefore, when φ is trivial (i.e. frozen in to a particular vacuum expectation value), the
torsion trace Tµ is trivial as well, and the MST action effectively reduces to that of the EA
theory in presence of a completely antisymmetric torsion (having only the mode Aµ). Note
also that the æther kinetic term would in general depend on the U4 covariant derivative ∇˜µvν .
Decomposing this in to the Riemannian covariant derivative ∇µvν and the corrections due to
torsion, one would get the term K (vµ,∇µvν, gµν) plus a plethora of interaction terms of the
individual torsion modes with the æther vµ (and possibly with ∇µvν as well).
Let us for instance consider
V (Aµ, vµ) = α vµAµ + σ (vµAµ)2 , (3.8)
where α and σ are coupling constants, α having the dimension of |A| whereas σ is dimension-
less (since vµ is a dimensionless (unit) vector). The variation of the MST action (or the part
(3.7) thereof) with respect to the auxiliary field Aµ gives
Aµ + 12 (α + 2σ vνAν) vµ = 0 . (3.9)
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whence with the constraint vµv
µ = −1, and provided σ 6= 1upslope24 and α 6= 0, we have
Aµ vµ = − 12α
(24σ − 1) , so that A
µ =
12α vµ
24σ − 1 . (3.10)
Now, the host of terms constituting the æther kinetic term K (vµ,∇µvν , gµν) supposedly
have little significance in the infrared limit. Moreover, going with our prior assumption that
torsion evolves very weakly (almost as a background field) over the cosmological time-scales, it
is reasonable to neglect the effect of the term K (vµ,∇µvν , gµν) in the action. All that counts
then is the norm-fixing constraint for the æther field, which preserves the general covariance
of the theory. With the relationship (3.10), the (Aµ, vµ)-dependent part (3.7) becomes
S
A,v
= −
∫
d4x
√−g
[
1
2
m2
A
φ2(t,~x)
]
, with m
A
=
α
√
6β√
24σ − 1 . (3.11)
This is similar to Eq. (3.6), but without any particular reference to the FRW metric in co-
moving coordinates. So the scalar field φ effectively picks up a mass m
A
, which now has its
‘generic’ interpretation, i.e. preserves its usual properties under a conformal transformation.
Note however that the term vµAµ in the above exemplary form (3.8) of the interaction
potential V (Aµ, vµ) breaks the spatial parity symmetry explicitly7. Also, one has to exclude
σ < 1upslope24, since m
2
A
< 0 then. On the other hand, for α = 0 (whence parity is preserved)
the condition vµv
µ = −1 follows automatically from Eq. (3.9) if we set σ = 1upslope24. That
is, there is no need of the ad-hoc term (vµv
µ + 1)L in the effective action. Anyway, it is
obvious that Eq. (3.10) would not hold then, and the effective mass m
A
= 0 identically. More
general forms of the interaction potential can be suggested from the point of view of having
vµv
µ = −1 naturally (i.e. not via any L-term), and plausibly with the parity symmetry kept
intact. However, such an exercise also may not lead to a mass term for the field φ.
Observe further that the entire construction above (for this proposition) may conform
to the general perception that the pseudo-vector part of torsion has its significance only in
presence of spinning matter fields. In accord with the fermionic æther theories, or the fermion-
æther interactions studied in the literature [234–237], one may treat the above expression (3.8)
for V (Aµ, vµ) as that of a spin-torsion coupling, once the æther vµ is identified as a fermion
(spinor) current. Of course, the back-reaction of the fermion dynamics on the cosmologies is
presumed to be feeble enough to neglect the effect of the æther kinetic term K (vµ,∇µvν , gµν).
Proposition 2: Consider incorporating higher order torsion term(s) in the MST action (2.6).
For simplicity, if we take only the square of AµAµ, then the Aµ-dependent part of (2.6) is
S
A
=
∫
d4x
√−g βφ
2
2
[
1
24
AµAµ + γ (AµAµ)2
]
, (3.12)
where γ is a coupling constant having the dimension of φ−2. Note that we have once again kept
βφ2 as an overall coupling factor for all torsion and curvature terms. While β is dimensionless,
φ−1 most importantly determines the length scale of the theory (viz. it leads to the running
gravitational coupling factor, see the discussion in §3.2 below). Variation of S
A
, Eq. (3.12),
with respect to the auxiliary field Aµ leads to the only non-trivial constraint AµAµ = −1upslope48γ .
7Parity violation has always been an intriguing aspect of gravitational theories with torsion [98, 104, 112, 151,
225–233]. However, it is not a necessity in the cosmological studies in general.
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Consequently the action (3.12) becomes
S
A
= −
∫
d4x
√−g
[
1
2
m2
A
φ2(t,~x)
]
, with m
A
=
1
48
√
β
γ
. (3.13)
This is again of the form (3.6), but without any specific allusion to the FRW metric structure
in co-moving coordinates.
More higher order torsion terms may be incorporated in the MST action, however the
effects of those would mostly be insignificant in the context of late-time cosmologies (or in
the low energy limit of the theory). For e.g. consider augmenting the action (2.6) with
S
T2
=
∫
d4x
√−g βφ
2
2
[
α (TµT µ)2 + γ (AµAµ)2
]
, (3.14)
where α is a coupling constant having the same dimension of γ, i.e. of the fundamental
squared-length 8. While the variation of the full action with respect to Aµ would lead to the
part (3.13) above, varying with Tµ would give
(1 − 3α TνT ν)Tµ = 3 ∂µφ
φ
, (3.15)
whence the kinetic part of the action would be
S
kin
=
∫
d4x
√−g
[
− (1− 6β)
2
∂µφ∂
µφ +
αβ
2
(
9
φ
)2
(∂µφ∂
µφ)2 + O(α2)
]
. (3.16)
So the leading correction due to the (TµT µ)2 term is, as expected, of the order α, whereas the
result of the (AµAµ)2 term, viz. the effective mass squared is of the order of γ−1. The fact
that both α and γ have the same dimensional suppression, and presumably of the same order
of magnitude, therefore implies the insignificance of the term (TµT µ)2 (and similar others) in
the cosmological scale. So it would suffice one to take account of only the (AµAµ)2 term to
see the higher order torsion effects, such as the effective mass m
A
for the scalar field φ.
Overall thus we have, following either of these propositions, an effective potential
Veff(φ) = V (φ) +
βφ2
48
AµAµ + suitable augmentations = 1
2
m2 φ2 , (3.17)
for the scalar field, implicating the latter’s effective mass m =
√
m2φ +m
2
A
, in general. As
it seems, the proposition 2 is much more robust compared to the proposition 1, although
some tuning of the numerical value of the coupling constant γ is required, so as to avoid
unnaturalness in the theory. Moreover, much alike the proposition 1, the torsion pseudo-trace
Aµ may be perceived as a direct manifestation of matter fields with spin for the proposition
2 as well. For instance, Aµ can be identified (via a contact interaction) with a spinor current
Jµ [82, 127, 178], or can have its source in for e.g. the massless Kalb-Ramond antisymmetric
tensor field Bµν in string theory [96, 97]. However, note that the form of the action (3.12)
considered above (for the proposition 2) does not make this a compulsion. In other words,
8Note however that we restrain ourselves from taking account of the mixing of the (hitherto independent) Tµ
and Aµ modes, i.e. a term such as (TµA
µ)2. Neither we are looking for an explicit parity violation via say,
the Holst term ǫµναβR˜µναβ , which yields the terms like ∇µA
µ and TµA
µ (not higher order though) [232].
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Eq. (3.12) implies that Aµ, although non-propagating, can play a significant role in governing
the cosmological evolution, regardless of its coupling with spinning matter fields.
In principle, more alternative ways to assign a mass term for the scalar field may be
looked upon, since no claim is there that the torsion pseudo-trace Aµ would always induce
such a mass. The above propositions are solely for leading up to the scenarios in which
both the trace and pseudo-trace modes of torsion can have active roles in viable cosmologies.
Our interest in this work conform to such scenarios, and in particular the ones in which the
scalar field mass is entirely due to the mode Aµ, i.e. m = m
A
. In other words, we look for
the optimization of the effect of torsion in a cosmological setup, rather than persisting with a
superfluous parameter mφ. Henceforth, we shall neither make any allusion tomφ, nor attempt
to assert any other form of the effective potential Veff. Note also that with m = mA , we have
AµAµ = −24m
2
upslope(24σ − 1)β for proposition 1 and AµAµ = −48m
2
upslopeβ for proposition 2. That
is, for a given m, the quantity AµAµ differ for the two propositions by a numerical factor
(dependent on the parameter σ though). It would therefore suffice us to allude only to, say,
the proposition 2 in our subsequent analysis. The results corresponding to the proposition 1
would follow simply by taking account the numerical factor.
3.2 Effective scalar-tensor theoretical framework
Considering the mass term for the scalar field φ, and the elimination of the mode Aµ via a
constraint (as discussed above), we have the effective action
S =
∫
d4x
√−g
[
βφ2
2
R − (1− 6β)
2
gµν ∂µφ∂νφ − 1
2
m2φ2 + L(m)
]
. (3.18)
This is of course the action of a scalar-tensor theory in the original Jordan frame [67, 68],
which is characterized by a running gravitational coupling parameter
Geff(t) = G
[
φ0
φ(t)
]2
, [G := Newton’s constant] , (3.19)
defined so that at the present epoch t = t0 , we have Geff(t0) = G under the stipulation
φ(t0) ≡ φ0 =
1
κ
√
β
, with κ =
√
8πG . (3.20)
If one redefines the scalar field as
Φ(t) := Φ0
[
φ(t)
φ0
]2
, with Φ0 ≡ Φ(t0) = β φ20 = κ−2 , (3.21)
then Eq. (3.18) reduces to an equivalent Brans-Dicke (BD) action [66–68]:
S =
∫
d4x
√−g
[
ΦR
2
− w
2Φ
gµν ∂µΦ ∂νΦ − V(Φ) + L(m)
]
, (3.22)
albeit with a potential for Φ:
V(Φ) = ΛΦ
Φ0
, where Λ ≡ V(Φ)∣∣
t=t0
=
1
2
m2φ2
0
=
m2
2κ2β
. (3.23)
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The effective BD parameter w is related to the non-minimal parameter β as
w =
1
4β
− 3
2
. (3.24)
The corresponding equations of motion are given by
Rµν = 1
Φ
[
T (m)µν − (w+ 1) gµν ✷Φ + ∇µ∂νΦ +
w
Φ
∂µΦ ∂νΦ
]
, (3.25)
✷Φ =
1
2w+ 3
[
T (m) − 2V(Φ)
]
, (3.26)
where T (m) = gµνT
(m)
µν is the trace of the matter stress-energy tensor
T (m)µν = −
2√−g
δ
δgµν
[√−gL(m)] , (3.27)
which is conserved:
∇α
(
gαν T (m)µν
)
= 0 . (3.28)
As the cosmological fluid is considered here to be the pressureless dust, we have
T (m)µν = ρ
(m) uµ uν , and T
(m) = −ρ(m) , (3.29)
where ρ(m) is the dust energy density, and uµ is the four velocity vector (gµνu
µuν = −1).
Refer back again to Eq. (3.18), which under a conformal transformation
gµν −→ ĝµν =
(
φ
φ0
)2
gµν , (3.30)
reduces to the scalar-tensor action in the so-called Einstein frame:
Ŝ =
∫
d4x
√
−ĝ
[
R̂
2κ2
− 1
2
(
φ0
φ
)2
ĝµν∂µφ∂νφ − Λ
(
φ0
φ
)2
+
(
φ0
φ
)4
L(m)(ĝ, φ)
]
, (3.31)
where ĝ ≡ det (ĝµν), and R̂ = ĝµνR̂µν with R̂µν the Ricci tensor constructed using ĝµν .
Note that L(m) is in general dependent on both ĝµν and φ. Redefining the scalar field as
ϕ(t) := φ0 ln
[
φ(t)
φ0
]
=
1
κ
√
β
ln
[
κ
√
β φ(t)
]
, such that ϕ(t0) = 0 , (3.32)
the Einstein frame action (3.31) can be expressed in a more convenient form:
Ŝ =
∫
d4x
√
−ĝ
[
R̂
2κ2
− 1
2
ĝµν ∂µϕ∂νϕ − U(ϕ) + L̂(m)(ĝ, ϕ)
]
, (3.33)
with the corresponding matter Lagrangian density
L̂(m)(ĝ, ϕ) = e−4κ
√
βϕ L(m)(ĝ, φ(ϕ)) , (3.34)
and the scalar field potential given as
U(ϕ) = Λ e−2κ
√
βϕ , with Λ ≡ U(ϕ)
∣∣
t=t0
=
m2
2κ2β
=
1
2
m2φ2
0
. (3.35)
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One derives the following equations of motion in the Einstein frame:
R̂µν = κ2
[
T̂ (m)µν −
1
2
ĝµν T̂
(m) + ∂µϕ∂νϕ + gµν U(ϕ)
]
, (3.36)
∇̂α
(
ĝαν T̂ (m)µν
)
= −κ
√
β T̂ (m) ∂µϕ . (3.37)
The corresponding matter stress-energy tensor, viz.
T̂ (m)µν = −
2√
−ĝ
δ
δĝµν
[√
−ĝ L̂(m)
]
, with trace T̂ (m) = ĝµν T̂ (m)µν , (3.38)
is not conserved though, as is evident from Eq. (3.37). One can express
T̂ (m)µν = ρ̂
(m) ûµ ûν , with ĝµν û
µûν = −1 , so that T̂ (m) = −ρ̂(m) , (3.39)
where ρ̂(m) and ûµ are respectively the Einstein frame dust energy density and four velocity.
It is easy to verify that T̂
(m)
µν , ρ̂(m) and ûµ have the following relationships with the
corresponding quantities in the Jordan frame [67, 68]:
T (m)µν = e
2κ
√
βϕ T̂ (m)µν , ρ
(m) = e4κ
√
βϕ ρ̂(m) , and uµ = eκ
√
βϕ ûµ . (3.40)
The Einstein frame is of course more convenient to work on, than the Jordan frame in which
the running gravitational coupling parameter causes some abstruseness in the corresponding
Einstein’s equations. Consequently, there are characteristic differences between the cosmolo-
gies in the two frames. However, amidst its bizarreness, the Jordan frame cosmology shows
one regularity, viz. the conserved stress-energy tensor of the fluid matter. In the Einstein
frame, the scalar field is made to couple with gravity in the usual minimal way, but at the
expense of its interaction with the fluid. Moreover, the original non-minimal scalar-gravity
coupling parameter β is still traced in the Einstein frame, since it appears in both the scalar
field potential expression (3.35) and the matter conservation relation (3.37).
In what follows, we shall analyse in §4 the solutions of the Einstein frame MST cosmo-
logical equations, in course of building up a viable DE model. A similar analysis in the Jordan
frame would subsequently be carried out in §5, not just for completeness but also to restrain
ourselves from making a preference whilst a longstanding debate on the physical relevance
of the two frames prevails. Our focus would be on the estimation of the cosmological model
parameters, and hence on obtaining specific bounds on the effective Brans-Dicke parameter
and the torsion mode parameters (see the next subsection for their precise expressions).
3.3 Effective torsion mode parameters
The effective scalar-tensor formulation of the MST theory somewhat obscures the torsion
modes Tµ and Aµ, which are the key MST constituents. A quantitative study of the individual
effects of these modes requires their appropriate parametrization in the MST-cosmological
setup. One may look to define the density parameters corresponding to Tµ and Aµ, however
note that these modes are interacting with the scalar field (and also with the cosmological fluid
in the Einstein frame). A rather safe alternative is to consider (as the torsion parameters) the
norms of the vectors Tµ and Aµ. In general a difficulty is still there though, due to the lack
of uniqueness in defining the lengths of vector fields in the conformally transformed frames.
Nevertheless, for torsion we may choose to take the norms of Tµ and Aµ as defined in the
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Jordan frame. We then simply have in the Einstein frame, the expressions for these norms
recast in terms of the corresponding metric tensor components. This is justified, since our
starting point had been an explicit non-minimal coupling of the scalar field φ with curvature
and torsion, which is perceptible in the equivalent scalar-tensor formulation of the MST
theory only in the Jordan frame. Moreover, in such a formulation the mode Tµ has its norm
contributing to the kinetic part of the scalar field Lagrangian density, by virtue of Eq. (3.2).
On the other hand, the norm of Aµ contributes to the scalar field potential (or the mass).
Norm of torsion trace vector: Using Eq. (3.2), we have in the Jordan frame
|T | := √− gµν Tµ Tν = 3
φ
√− gµν ∂µφ∂νφ , (3.41)
which, in terms of the Brans-Dicke scalar field Φ [cf. Eq. (3.21)], is expressed as
|T | = 3
2Φ
√
− gµν ∂µΦ ∂νΦ . (3.42)
In the Einstein frame, the norm of Tµ is expressed in accord with Eq. (3.30):
|T | := φ
φ0
√
− ĝµν Tµ Tν = 3
φ0
√
− ĝµν ∂µφ∂νφ . (3.43)
Since φ0 = (κ
√
β)−1, we have in terms of the Einstein frame scalar field ϕ [Eq. (3.32)]:
|T | = 3κ
√
β eκ
√
βϕ
√
− ĝµν ∂µϕ∂νϕ . (3.44)
Norm of torsion pseudo-trace vector: Both the propositions above imply that the norm
of Aµ is constant in the FRW space-time. For our analysis, following the exemplary
scenario of the proposition 2, say, we have in both Jordan and Einstein frames:
|A| := √− gµν AµAν = φ
φ0
√
− ĝµν AµAν = 4κ
√
6Λ , (3.45)
since Λ = m
2φ2
0upslope2 =
m2upslope
2κ2β
, and gµνAµAν = −48m
2
upslopeβ by our prior assumption
that the scalar field mass m is solely due to the mode Aµ, i.e. m = m
A
.
It is worth mentioning here that the DE interpretation of the scalar degree of freedom, within
the FRW framework, implies the mass of the scalar field playing the key role in the evolution
of the universe, compared to the kinetic part of the scalar field Lagrangian. Therefore, while
we take m to be due only to Aµ, it becomes evident that |A| would be much more dominant
than |T | in an ensuing DE model. Else, one would require some other parameter in the
effective scalar field potential, such as the inherent mass mφ, to prevail over both |T | and
|A|, if they are to be of comparable order of magnitude. Now the scalar field DE models
with arbitrary mass parameter mφ are nothing new in the literature. What is intriguing here
in the context of MST cosmology is the plausible aspect of torsion inducing the scalar field
mass, and hence becoming a dominant energy contributor of the universe. This is the very
reason that has prompted the above propositions and subsequently the assumption m = m
A
.
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4 MST Cosmology in the Einstein frame
The general setup discussed above enables us to look for exact solution(s) of the cosmological
equations in presence of the MST coupling. In this section, we choose to work in the Einstein
frame, supposing it to be suitable for interpreting the results of physical observations. Our
objective is to construct a MST-DE model consistent with the observations, or conversely to
determine the bounds on the torsion parameters from the supposition that such a DE model
emerges out in the MST cosmological scenario, under the reappraisal of the following:
(i) The time-evolution of the DE, resulting from the torsion trace mode9, would expectedly
be weak enough, given the miniscule evidence of the dynamical effects of torsion in
various other searches [82, 171, 211–218].
(ii) The DE evolution would expectedly not differ much from ΛCDM, in view of the fairly
concordant cosmological parameteric limits set for the latter from various observations.
We therefore take the observed best-fit values of the ΛCDM cosmological parameters as the
basic measures for parametric estimations of the MST-DE model, which however has one
unusual feature in the Einstein frame, viz. the interaction of the DE and the cosmological
matter. So we need to define the effective uncoupled DE and matter densities for the com-
parative study of the corresponding quantities in the ΛCDM case. This is a mathematical
exercise though, and for notational simplicity we also drop the hats over all the Einstein frame
quantities and operators throughout this section.
4.1 Cosmological equations and solution
The Friedmann and Raychaudhuri equations follow from Eqs. (3.36), on using Eqs. (3.39):
H2(t) =
κ2
3
[
ρ(m)(t) +
ϕ˙2(t)
2
+ U (ϕ(t))
]
, (4.1)
H˙(t) = − κ
2
2
[
ρ(m)(t) + ϕ˙2(t)
]
, (4.2)
where H(t) := a˙(t)upslopea(t) is the Einstein frame Hubble parameter (the overhead dot {·} ≡ dupslopedt).
The conservation equation (3.37) integrates to give
ρ(m)(a) =
ρ(m)
0
a3
e−κ
√
β ϕ(a) , (4.3)
where ρ(m)
0
= ρ(m)|t=t0 = ρ(m)|a=1 is the present-day value of the matter density.
Assuming now a simple power-law ansatz:
eκ
√
β ϕ(a) = as , with s = a constant , (4.4)
a few rearrangement of terms in Eqs. (4.1) and (4.2), and algebraic steps, would lead to
H2(a) =
κ2
3
(
1− s
2
6β
)−1 [ρ(m)
0
a3+s
+
Λ
a2s
]
, (4.5)
[
a6H2(a)
]′
= κ2
[
ρ(m)
0
a2−s + 2Λ a5−2s
]
, (4.6)
9As is evident from the constraint (3.2), which is due to the interlinking of the kinetic part of the scalar field
Lagrangian and the torsion trace Tµ.
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where the prime {′} denotes dupslopeda, and we have recalled Eq. (3.35) for the potential U(ϕ).
It is easy to verify that a non-trivial solution can be obtained only for
s = 2β , (4.7)
whence the Friedmann equation (4.1) [or (4.5)] becomes
H2(a) =
κ2
3− s
[
ρ(m)
0
a3+s
+
Λ
a2s
]
. (4.8)
This is however of a rather unusual form, because of the interaction of the scalar field with
the dust. Also, the validity of Eq. (4.8) requires s < 3, i.e. β < 3upslope2, which puts a (somewhat
less stringent) theoretical restriction w > −4upslope3, on the effective Brans-Dicke parameter w
[given by Eq. (3.24)]. Rigorous bounds on w can in principle be obtained while matching the
theoretical predictions with the observational results, as we shall see shortly. A comparison
of such bounds with the local gravity constraints on w would be an independent consistency
check of the MST-cosmological DE model we are studying here.
Let us, for convenience, define an effective matter density (in the usual form) as
ρ
(m)
eff (a) := ρ
(m)
0
a−3 , (4.9)
and a surplus density (considered to be the effective DE density) as
ρ
X
(a) :=
(
1− supslope3
)−1 [ Λ
a2s
+
ρ(m)
0
a3
(
a−s − 1 + supslope3
)]
, (4.10)
so that the critical density of the universe is given by
ρ(a) :=
3H2(a)
κ2
= ρ
(m)
eff (a) + ρX (a) . (4.11)
Defining further an effective DE pressure p
X
as
p
X
(a) := − (1− supslope3)−1
[(
1− 2supslope3
) Λ
a2s
− s
3
ρ(m)
0
a3+s
]
, (4.12)
we have the standard conservation equation
ρ′(a) +
3
a
[ρ(a) + p
X
(a)] = 0 . (4.13)
4.2 Effective cosmological parameters
Using Eqs. (4.8) – (4.12) one obtains the effective DE equation of state (EoS) parameter w
X
,
as a function of the redshift z =
(
a−1 − 1):
w
X
(z) :=
p
X
(z)
ρ
X
(z)
= − 1 + 2supslope3 +
Ω
(m)
eff (z)
1 − Ω(m)eff (z)
[
(1 + z)s − 1 + 2supslope3
]
. (4.14)
Here, Ω
(m)
eff (z) is the effective matter density parameter, defined by
Ω
(m)
eff (z) :=
ρ
(m)
eff (z)
ρ(z)
= Ω(m)
0
(1 + z)3
H2(z)
, (4.15)
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with Ω(m)
0
the value of Ω
(m)
eff at the present epoch t = t0 (i.e. a = 1, or z = 0), and
H(z) ≡ H(z)
H0
=
(
1− supslope3
)−1upslope2 [Ω(m)
0
(1 + z)3+s +
(
1− supslope3 − Ω(m)0
)
(1 + z)2s
]1upslope2
, (4.16)
is the rationalized Hubble parameter, H0 ≡ H(z = 0) being the Hubble constant.
Substituting Eq. (4.16) back in Eq. (4.15) and simplifying, we have the following
expression for the effective matter density parameter
Ω
(m)
eff (z) =
Ω(m)
0
(1 + z)3−2s
1 + Ω
(m)
0 (1− supslope3)−1
[
(1 + z)3−s − 1
] , (4.17)
and the actual (interacting) matter density parameter is related to this as
Ω(m)(z) :=
ρ(m)(z)
ρ(z)
= (1 + z)s Ω
(m)
eff (z) , (4.18)
so that at the present epoch (z = 0) we have Ω
(m)
eff (0) = Ω
(m)(0) = Ω(m)
0
.
The EoS parameter for the system is worked out as
w(z) :=
p
X
(z)
ρ(z)
=
[
1 − Ω(m)eff (z)
]
w
X
(z) = − 1 + 2supslope3 + Ω(m)(z) , (4.19)
so that the condition for cosmic acceleration at the present epoch (z = 0)
w(0) < −1
3
imples s +
3
2
Ω(m)
0
< 1 , (4.20)
or more specifically, 0 < s < 1, because Ω(m)
0
is positive definite and the parameter s is
presumably such10. So we have a constraint on s tighter than the previous one (s < 3).
As such, the bound on the BD parameter gets tighter, viz. w > −1, than that obtained
previously (w > −4upslope3). Tighter still it could be, considering the observational prediction
that the universe is dominated by both dark energy and (baryonic plus cold dark) matter at
present. That is, Ω(m)
0
∼ 1, meaning s cannot have a large fractional value (close to 1). If,
let us say, we take Ω(m)
0
≃ 0.3 as the fiducial value of the matter density parameter at the
present epoch, then Eq. (4.20) gives s . 1upslope2, whence w &
−1upslope2. Moreover, by Eq. (4.14) the
present-day value of the DE EoS parameter is constrained for Ω(m)
0
≃ 0.3 as
w
X
(0) = − 1 + 2 s
3
(
1 − Ω(m)0
) . − 1
2
. (4.21)
This is of course nothing new — the same bound applies to all barotropic DE models simply
by virtue of the relation w(z) =
[
1 − Ω(m)eff (z)
]
w
X
(z) and by the requirement w(0) < −1upslope3.
Therefore, like in any other DE model, we have here a fairly large scope of deviation from
ΛCDM (in which the DE EoS parameter is fixed at −1). We however restrict ourselves to the
MST induced small parametric fluctuations over ΛCDM, relying on the general consensus that
the latter presently stands out as the observationally favoured model of DE. In other words,
we presume the parameter s to be quite small, which is also corroborated by a very large
lower bound on the BD parameter (w & 40 to even w & 40000) obtained independently11
from the solar system tests and other probes [166–169].
10As s = 2β, a negative value of s would imply β < 0, i.e. the kinetic term of the scalar coupled gravity action
having a wrong sign, rendering the underlying quantum theory unbounded from below.
11Mostly for the massless Brans-Dicke theory however.
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4.3 Parametric estimation using the ΛCDM observational limits
As mentioned earlier, we in this paper are interested primarily on a order of magnitude
estimate of s (and hence on the bounds on the torsion parameters). Therefore, instead of
a full fledged likelihood analysis with the observational data, it would suffice us to compare
the parameters of our model with those of a reference model. Our chosen reference is the
six parameter ΛCDM model, which is generally taken as the base theoretical model for the
observational probes. Assuming the cosmological parameters of our MST-DE model to be
within the 68% confidence limits of the corresponding ones for ΛCDM, obtained from various
datasets (or combinations thereof), we can then determine the respective upper bound on the
parameter s. Of course, the legitimacy of such a bound would be implicated by the smallness
of its numerical value, since the ΛCDM equations are recovered in the limit s → 0 of the
MST-DE model. Refer for instance to the Friedmann equation (4.8), whose limiting version
(expressed in terms of the redshift z):
H
2
(z) ≡ lim
s→0
H2(z) =
κ2
3
[
ρ(m)
0
(1 + z)3 + Λ
]
, (4.22)
is nothing but the Friedmann equation of the ΛCDM model, with Λ as the cosmological
constant, and H denoting the ΛCDM Hubble parameter. In fact, from now on we shall
denote every ΛCDM cosmological parameter by an overbar {¯ }, for e.g. the ΛCDM matter
density parameter as Ω
(m)
, the ΛCDM EoS parameter as w, the ΛCDM Hubble constant as
H0 , and so on. The relationship between H0 and the Hubble constant H0 = H(z = 0) of our
model can be traced out from Eqs. (4.8) and (4.22):
H0 = H0
√
1− supslope3 . (4.23)
Similarly, Eq. (4.17) can be expressed as a relation between Ω
(m)
eff (z) and Ω
(m)
(z):
Ω
(m)
eff (z) =
(3− s) (1 + z)3−2s Ω(m)(z)[
3 (1 + z)3−s − s
]
Ω
(m)
(z) + (3− s) (1 + z)3
[
1− Ω(m)(z)
] , (4.24)
with
Ω
(m)
(z) ≡ lim
s→0
Ω
(m)
eff (z) =
Ω(m)
0
(1 + z)3
1 + Ω
(m)
0
[
(1 + z)3 − 1
] . (4.25)
Now, for the comparative error analysis, we shall denote the statistical error on a given
quantity Y here by δY , and that on the corresponding ΛCDM quantity Y by δY . To determine
the maximum value smax of the parameter s, using such an analysis, we are required to pick
a suitable cosmological parameter that depends explicitly on s, and use the best fit value
and the 68% confidence limit of the corresponding ΛCDM parameter for a given dataset. Of
course, the parameter Ω(m)
0
would not serve the purpose, since by definition Ω(m)
0
= Ω
(m)
eff (0) =
Ω
(m)
(0) is independent of s. Let us therefore resort to one of the following:
Procedure 1: The error propagation equation corresponding to Eq. (4.23) is given by(
δH0
H0
)2
=
(
δH0
H0
)2
+
(
H0
H0
)4(δs
6
)2
. (4.26)
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Let us stipulate H0 = H0 + δH0 , and the minimum and maximum fractional error∣∣∣∣δH0H0
∣∣∣∣
min
= 0 , and
∣∣∣∣δH0H0
∣∣∣∣
max
= ∆h ≡
∣∣δH0∣∣
H0
. (4.27)
For a given dataset, taking H0 as the best fit ΛCDM Hubble constant, and
∣∣δH0∣∣ as its
68% error limit, we have a fixed value assigned to ∆h. It then follows from Eq. (4.26):
δs = 6
(
1 −
∣∣∣∣δH0H0
∣∣∣∣)2
(
∆2h −
∣∣∣∣δH0H0
∣∣∣∣2
)1/2
. (4.28)
Under the above stipulation, the second factor has the least value equal to zero, which
ensures δs ≥ 0. Moreover, the parameter s being positive, its upper bound smax is given
by the maximum value of δs, i.e.
smax = 6∆h
(
1 + ∆2h
)
. (4.29)
Procedure 2: Let us re-express Eq. (4.23) as
Ω(m)
0
h
2
= Ω(m)
0
h2
(
1− supslope3
)2
, (4.30)
where h = H0upslope[100Km s−1 Mpc−1] and h =
H0upslope[100Km s−1 Mpc−1] are the reduced
Hubble constants. We have the corresponding error propagation equationδ
(
Ω(m)
0
h
2
)
Ω
(m)
0 h
2
2 = [δ(Ω(m)0 h2)
Ω
(m)
0 h2
]2
+
(
Ω(m)
0
h2
)2(
Ω
(m)
0 h
2
)2 (δs3
)2
. (4.31)
Stipulate now Ω(m)
0
h2 = Ω(m)
0
h
2
+ δ
(
Ω(m)
0
h2
)
, and∣∣∣∣∣δ
(
Ω(m)
0
h2
)
Ω
(m)
0 h2
∣∣∣∣∣
min
= 0 , and
∣∣∣∣∣δ
(
Ω(m)
0
h2
)
Ω
(m)
0 h2
∣∣∣∣∣
max
= ∆m ≡
∣∣∣∣∣∣
δ
(
Ω(m)
0
h
2
)
Ω
(m)
0 h
2
∣∣∣∣∣∣ , (4.32)
as the minimum and maximum fractional errors. Keeping ∆m fixed, by taking Ω
(m)
0
h
2
as the best fit value and δ
(
Ω(m)
0
h
2
)
the corresponding 68% margin for a given dataset,
it follows that δs ≥ 0. Working out now the maximum value of δs one finds
smax = 3∆m . (4.33)
A caveat is there though in the above ways of indirectly marginalizing the parameter s. That
is, neither H0 nor Ω
(m)
0
h
2
belong to the set of six independent parameters of the base ΛCDM
model. We may in principle choose, for the error analysis, some parameter other than H0
and Ω(m)
0
h
2
. However, that would also not be among the basic six. This is evident from our
compelling need to the use Eq. (4.23) in determining smax from the comparative study of
cosmological parameters. Nevertheless, among the plausible parametric choices, preference
may be given to Ω(m)
0
h
2
(used in the procedure 2 above). The reason is the simple (additive)
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relationship Ω(m)
0
= Ω
(b)
0
+Ω
(c)
0
, where Ω
(b)
0
and Ω
(c)
0
are the present-day values of the ΛCDM
baryon density and cold dark matter (CDM) density parameters respectively. Since Ω
(b)
0
h
2
and Ω
(c)
0
h
2
are two of the six basic ΛCDM parameters, such a simple relationship may lead
to a low error limit on Ω(m)
0
h
2
(compared to that on H0 used in the procedure 1 for instance):∣∣∣δ(Ω(m)
0
h
2
)∣∣∣ = √∣∣∣δ(Ω(b)
0
h
2
)∣∣∣2 + ∣∣∣δ(Ω(c)
0
h
2
)∣∣∣2 + 〈Ω(b)
0
h
2
,Ω
(c)
0
h
2
〉
, (4.34)
where
〈
Ω
(b)
0
h
2
,Ω
(c)
0
h
2
〉
is the 1σ error covariance of the base ΛCDM parameters Ω
(b)
0
h
2
and
Ω
(c)
0
h
2
. The smallness of
∣∣∣δ(Ω(m)
0
h
2
)∣∣∣ does not however ensure that the corresponding percent-
age error ∆m would be the least among those on all the other ΛCDM parameters suitable for
the determination of smax using the comparative error analysis. In fact, for the two procedures
above, we mostly have ∆m > ∆h, as shown in Table 1. The smax values also shown therein,
are obtained from ∆h and ∆m using Eqs. (4.29) and (4.33) respectively. All the values of ∆h
and ∆m are computed using the ΛCDM parametric estimates from the following:
Dataset 1: WMAP 9 year data with the Baryon Acoustic Oscillation (BAO) and the ΛCDM
Hubble constant H0 priors [20, 21].
Dataset 2: WMAP 9 year data with BAO and H0 priors, combined with results of the
Atacama Cosmology Telescope (ACT) [238], the South Pole Telescope (SPT) [239], and
the Supernova Legacy Survey (SNLS) 3 year sample of high redshift supernovae 1a [240].
Dataset 3: PLANCK 2015 Cosmic Microwave Background (CMB) power spectra (TT, TE,
EE) with polarization information from low multipole range temperature + polarization
pixel-based likelihood (LowP) [22, 23].
Dataset 4: PLANCK 2015 CMB power spectra (TT, TE, EE) and LowP, combined with
weak lensing data (Lensing) [241] and external data (Ext) that includes the BAO and
H0 priors and the Joint Lightcurve Analysis (JLA) sample [19] constructed from the
SNLS [240] and the Sloan Digital Sky Survey (SDSS) [242, 243] data, and many low
redshift type-1a supernovae samples.
Using the estimated smax values, one can work out the maximal effective deviations from the
ΛCDM matter density parameter Ω
(m)
(z) and the DE EoS value (= −1):
δΩ
(m)
eff (z) := Ω
(m)
eff (z, smax) − Ω
(m)
(z) , and δw
X
(z) := 1 + w
X
(z, smax) . (4.35)
Following are the features we observe here for the Einstein frame DE evolution:
In the near past: The matter density deviation from ΛCDM, δΩ
(m)
eff , is negative but increases
in magnitude with gradually diminishing rate as we go back in the past, up to say a redshift
z = 2.5. The variations of δΩ
(m)
eff with z for all the datasets are shown in Fig. 1 (a) and
(b), for smax obtained via the procedures 1 and 2 respectively. We see that the greater the
value of the estimated smax, the greater is the magnitude of δΩ
(m)
eff at a given z (> 0). The
DE EoS deviation from ΛCDM, δw
X
, on the other hand, remains positive at all redshifts
z > 0, i.e. there is no revelation of an effective phantom regime (w
X
< −1) in the near
past. For all the datasets, Fig. 2 (a) and (b) show the variation of δw
X
with z, respectively
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Observational ΛCDM parameters Fractional error Value of smax via
datasets (best fit & 68% limits) estimates procedure 1 procedure 2
1. WMAP_9y Ω(m)
0
= 0.2880± 0.0100
+BAO+H
0
H
0
= 69.33± 0.88 ∆h = 0.01269 0.07615
Ω(m)
0
h
2
= 0.1383± 0.0025 ∆m = 0.01808 0.05424
2.WMAP_9y+SPT Ω(m)
0
= 0.2835± 0.0094
+ACT+SNLS_3y H
0
= 69.55± 0.78 ∆h = 0.01121 0.06727
+BAO+H
0
Ω(m)
0
h
2
= 0.1371± 0.0019 ∆m = 0.01386 0.04158
3. PLANCK_2015 Ω(m)
0
= 0.3156± 0.0091
TT,TE,EE+LowP H
0
= 67.27± 0.66 ∆h = 0.00981 0.05887
Ω(m)
0
h
2
= 0.1427± 0.0014 ∆m = 0.00981 0.02943
4. PLANCK_2015 Ω(m)
0
= 0.3089± 0.0062
TT,TE,EE+LowP H
0
= 67.74± 0.46 ∆h = 0.00679 0.04074
+Lensing+Ext Ω(m)
0
h
2
= 0.1417± 0.00097 ∆m = 0.00684 0.02052
Table 1: Best fit values and 68% confidence limts of ΛCDM cosmological parameters Ω(m)
0
,H
0
and Ω(m)
0
h
2
for different observational datasets, alongwith the corresponding parametric upper bound smax obtained by
the procedures 1 and 2 in the Einstein frame. The estimated fractional errors ∆h and ∆m, from the H0 and
Ω(m)
0
h
2
limits respectively, used in the procedures 1 and 2, are also shown for each dataset.
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(a) δΩ(m)
eff
(z) for smax determined by procedure 1
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z0
-0.02
-0.04
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PLANCK+Lensing+Ext
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WMAP+BAO+H0+SPT+ACT
WMAP+BAO+H0
(b) δΩ(m)
eff
(z) for smax determined by procedure 2
Figure 1: Variation (with redshift z) of δΩ(m)eff , the Einstein frame maximal effective deviation from the
ΛCDM matter density, corresponding to the sets of values of smax obtained using the procedures 1 and 2
respectively for the different datasets.
for smax obtained via the procedures 1 and 2. As we go back in the past (from the present
epoch z = 0), δw
X
decreases initially and reaches a minimum value ∈ [0.0056, 0.0254] at a
redshift z ∈ [0.3736, 0.3225], corresponding to smax ∈ [0.02052, 0.07615] (obtained via the
two procedures). Thereafter δw
X
increases rapidly with z, till beginning to slow down around
z ≃ 2. The greater the estimated smax, the greater is the value of δwX at a given z. However,
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WMAP+BAO+H0
(a) δw
X
(z) for smax determined by procedure 1
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∆w
X
PLANCK+Lensing+Ext
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WMAP+BAO+H0+SPT+ACT
WMAP+BAO+H0
(b) δw
X
(z) for smax determined by procedure 2
Figure 2: Variation (with redshift z) of δw
X
, the Einstein frame maximal change over the ΛCDM dark
energy EoS (= −1), corresponding to the sets of values of smax obtained using the procedures 1 and 2
respectively for the different datasets.
one can see an unevenness in the nature of the δw
X
curves for the different smax values. This
is due to the fact that δw
X
depends not only on smax but also on the best fit value of Ω
(m)
0
.
Up to a moderately distant past: Let us now examine the DE evolution from the present
epoch (z = 0) up to a fairly distant past (z = 20 say). As a reference smax value, we choose to
take the largest estimate, viz. 0.07615 (obtained by the proceduce 1, for the dataset 1). For
0 5 10 15 20
z
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
Weff
HmLHzL
W
HmLHzL
W
HmL
HzL
(a) Matter density parameters for z ∈ [0, 20]
5 10 15 20
z0
-0.2
-0.4
-0.6
-0.8
-1.0
wX HzL
w HzL
w HzL
(b) EoS parameters for z ∈ [0, 20]
Figure 3: Einstein frame evolution, from the present (z = 0) upto a redshift z = 20 in the past, of (a)
the matter density parameters Ω
(m)
eff , Ω
(m) and Ω
(m)
, and (b) the EoS parameters w
X
, w and w. The value of
smax used is the largest estimated one (= 0.07615 in Table 1).
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this value of smax, the z-variations of the effective and the actual matter density parameters,
Ω
(m)
eff and Ω
(m) respectively, as well as that of the ΛCDM matter density parameter Ω
(m)
, are
shown in Fig. 3 (a). We see that the differences in the evolution pattern of all these paramters
are noticiable only for redshifts z & 1. The evolution of Ω(m) is similar to that of Ω
(m)
—
increasing rapidly with z until saturating to a value close to 1 for z & 5. The evolution pattern
of Ω
(m)
eff is different however — it increases rapidly from its value Ω
(m)
0
= 0.288 at z = 0, attains
a maximum value 0.843 at z = 3.6253, and then decreases slowly with increasing z. Fig. 3
(b) shows the Einstein frame evolution of the effective DE EoS parameter w
X
and the total
EoS parameter w of the system (for smax = 0.07615), as well as the evolution of the ΛCDM
total EoS parameter w. Although the evolution of w is similar to that of w, it saturates to a
value slightly greater than zero for z & 5, implying no dust-like behaviour at high redshifts.
This is expected, since in the Einstein frame the barotropic fluid is not actually the dust, but
the one whose energy density varies as (1 + z)3+s as a consequence of the interaction with
the scalar field. The evolution of w
X
is altogether different however. At the present epoch its
value is −0.9698, then it decreases with increasing z and attains a minimum value −0.9746
at z = 0.3225, turns around and increases rapidly to about −0.6 at z ≃ 3, and thereafter
increases with z at a gradually diminishing rate. Most notably, w
X
does not get saturated to
a particular value till z = 20, and in fact keeps on increasing (albeit very slowly) even when
z approaches its value at the last scattering (viz. ≃ 1100)12.
Near past to the extreme future: Finally, let us study the DE evolution from a redshift of
near past (say z = 1.5) to the extreme future (z = −1). Once again we consider, for brevity,
W
HmL
W
HXL
Weff
HmL
Weff
HXL
-1.0 -0.5 0 0.5 1.0 1.5
z
0.2
0.4
0.6
0.8
1.0
(a) The density parameters for z ∈ (−1, 1.5]
-1.0 -0.5 0 0.5 1.0 1.5
z
-0.98
-0.96
-0.94
-0.92
-0.90
-0.88
wX
(b) Dark energy EoS parameter for z ∈ (−1, 1.5]
Figure 4: Einstein frame evolution, from a redshift z = 1.5 in the near past to the extreme future z = −1,
of (a) the density parameters Ω
(m)
eff and Ω
(X)
eff , vis-a-vis the corresponding ΛCDM parameters Ω
(m)
and Ω
(X)
,
and (b) the DE EoS parameter w
X
. The smax value used is the largest estimated one (= 0.07615 in Table 1).
the largest estimated value of smax (= 0.07615). The Fig. 4 (a) shows the evolutions of Ω
(m)
eff
and Ω
(X)
eff = 1−Ω
(m)
eff , the effective density parameters for matter and the DE respectively, and
12Although not evident from Fig. 3 (b), one may verify this by explicitly working out dwXupslopedz from Eq. (4.14).
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those of the corresponding ΛCDM parameters Ω
(m)
and Ω
(X)
= 1−Ω(m) respectively. While
in the entire future regime, Ω
(m)
eff is seen to be almost coincident with Ω
(m)
, its deviation from
the latter become more and more significant as we go back in the past. Obviously, the same is
true for Ω
(X)
eff and Ω
(X)
. Hence, the future evolutions are ΛCDM-like, with the DE dominating
over the barotropic matter, and asymptotically Ω
(m)
eff → 0 and Ω
(X)
eff → 1 as z → −1. The
redshift of the matter-DE equality (Ω
(m)
eff = Ω
(X)
eff = 0.5) for the dataset 1 considered here
(corresponding to which smax = 0.07615 by the procedure 1) turns out to be zeq = 0.3952.
This is not much different from that for ΛCDM, viz. zeq = 0.3521, for the same dataset. As to
the coincidence problem encountered in the ΛCDM model, we therefore have only a slightly
improved situation here. In fact, one may verify that this is true not only for smax = 0.07615
(corresponding to the dataset 1), but also for the other smax values (corresponding to the
other datasets) in Table 1. Nevertheless, for our reference smax(= 0.07615), the evolution
of the effective DE EoS parameter w
X
over the range z ∈ [−1, 1.5] is shown in Fig. 4
(b). As z decreases from the value 1.5, we have w
X
decreasing rapidly to a minimum value
w
min
X
= −0.9746 at z = 0.3225. Thereafter it increases (albeit rather slowly) as z decreases
further. At the present epoch, w
X
(0) = −0.9698, and in the future (i.e. for z < 0, or positive
blueshifts), w
X
continues to increase, untill saturating to a value ≃ −0.95 at z ≃ −0.8. The
overall evolution of w
X
is smooth all the way to z = −1, with no discontinuities whatsoever.
4.4 Bounds on torsion parameters and the effective Brans-Dicke parameter
Refer back to Eqs. (3.44) and (3.45) for the norms of the torsion mode vectors Tµ and Aµ
respectively. Remember that we have the assumption of the scalar field mass being solely
due to Aµ, and are alluding to the proposition 1 (in §3.1) as an exemplary scenario. Using
the Einstein frame solution ansatz (4.4), and the subsequent equation (4.8), we express these
norms (referred to as the torsion parameters) in terms of the Hubble rate H as
|T | (z) = 3κ
√
β eκ
√
β ϕ(z) ϕ˙(z) = 3 s (1 + z)−s H(z) , (4.36)
|A| = 4κ
√
6Λ = 12
√
2 (1 + z)−s H(z)
[
1 − supslope3 − (1 + z)s Ω(m)eff (z)
]1upslope2
. (4.37)
Let us denote the norm of Tµ at the present epoch as |T |0 ≡ |T |z=0, the norm of Aµ is of
course fixed at all z. Our interest is in working out |T |
0
and |A| in terms of the independent
parameters smax, Ω
(m)
0
and(or) the ΛCDM Hubble constant H0 , Eq. (4.23). Table 2 shows[ |T |
0
H0
]
smax
= 3 smax
(
1 − smax
3
)−1upslope2
, and (4.38)[ |T |
0
|A|
]
smax
=
smax
4
√
2
(
1 − smax
3
− Ω(m)
0
)−1upslope2
, (4.39)
computed using the estimates of smax and the best fit values of H0 and Ω
(m)
0
for the various
datasets (in Table 1). It is easy to verify that the expressions in (4.39) are in fact the upper
limits of |T |
0
(in units of H0) and the ratio
|T |
0upslope|A|. Note also that while smax (obtained by
the two procudures) has values ∈ [0.02052, 0.07615] for the different datasets considered, the
effective BD parameter w = (1− 3s)upslope2s has its minimum value wmin ∈ [5, 23] approximately
(as shown in Table 2). This matches fairly (by order of magnitude) with wmin ≃ 40 obtained in
other independent studies [166–168]. Further high values on wmin [169] would imply s . 10
−2,
which is perceptable as well, within the domain of validity of our parametric estimation.
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Observational dataset Estimations:
|T |
0upslope
H0
∣∣∣
smax
|T |
0upslope|A|
∣∣∣
smax
wmin
1. WMAP_9y+BAO+H
0
(by procedure 1) 0.2314 0.0163 5.0660
(by procedure 2) 0.1642 0.0115 7.7183
2.WMAP_9y+SPT+ACT (by procedure 1) 0.2041 0.0143 5.9327
SNLS_3y+BAO+H
0
(by procedure 2) 0.1256 0.0088 10.5250
3. PLANCK TT,TE,EE (by procedure 1) 0.1784 0.0128 6.9933
+LowP (by procedure 2) 0.0887 0.0063 15.4895
4. PLANCK TT,TE,EE (by procedure 1) 0.1231 0.0088 10.7729
+LowP+Lensing+Ext (by procedure 2) 0.0618 0.0044 22.8665
Table 2: Torsion trace parameter at the present epoch, |T |
0
(in units of H
0
), and its ratio with the
torsion pseudo-trace parameter |A|, in the Einstein frame. The quantities are evaluated at s = smax
and the corresponding minimum values of the parameter w are shown for the various datasets.
5 MST Cosmology in the Jordan frame
Let us now consider, in this section, the Jordan frame to be suitable for interpreting the
results of physical observations. Our approach would be similar to that in the previous
section, presuming once again that the MST formalism, under certain circumstances, gives
rise to a DE model which is a slight modification of ΛCDM. Of course, while analyzing the
Jordan frame action (3.18) (or more conveniently (3.22)) and the ensuing field equations,
we encounter the running gravitational coupling constant Geff, which is given explicitly by a
function of the scalar field Φ [cf. Eq. (3.19)]. As such, the total energy-momentum tensor
due to the cosmological (dust) matter and the scalar field combined, is not conserved. The
matter Lagrangian though, being minimally coupled to gravity in the Jordan frame, renders
the corresponding (matter) energy-momentum tensor T
(m)
µν conserved [cf. Eq. (3.28)]. All
these are quite unlike what we had in the Einstein frame. So the cosmology in the Jordan
frame is expected to differ characteristically from that in the Einstein frame.
5.1 Cosmological equations and solution
Eqs.(3.25), (3.26) and (3.29) lead to the Jordan frame Friedmann and Raychaudhuri equations
H2(t) =
1
3Φ(t)
[
ρ(m)(t) − 3H(t) Φ˙(t) + w Φ˙
2(t)
2Φ(t)
+ V (Φ(t))
]
, (5.1)
H˙(t) = − 1
2Φ(t)
[
ρ(m)(t) − H(t) Φ˙(t) + w Φ˙
2(t)
Φ(t)
+ Φ¨(t)
]
, (5.2)
where H(t) := a˙(t)upslopea(t) is now the Jordan frame Hubble parameter.
The conservation equation (3.28) yields the usual dust matter density
ρ(m)(a) =
ρ(m)
0
a3
, (5.3)
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with its present-day value ρ(m)
0
= ρ(m)(t = t0) = ρ
(m)(a = 1).
Assuming once again a simple power-law ansatz:
Φ(a) = Φ0 a
n , with n = a constant , (5.4)
we obtain
H2(a) =
κ2
3
(
1 + n− wn
2
6
)−1 [ ρ(m)
0
an+3
+ Λ
]
, (5.5)
[
a2n+6H2(a)
]′
=
2κ2
(2w+ 3)n
[
ρ(m)
0
an+2 + 2Λ a2n+5
]
, (5.6)
by recalling that V(Φ) = ΛΦupslopeΦ0 [cf. Eq. (3.23)], with Φ0 = κ
−2.
It is easy to verify that for
n = (1 +w)−1 , (5.7)
the equations (5.5) and (5.6) are satisfied13, whence the Friedmann equation (5.5) reduces to
H2(a) =
2κ2
(n+ 2) (n+ 3)
[
ρ(m)
0
an+3
+ Λ
]
. (5.8)
The validity condition for this, viz. n > −2, restricts w > −3upslope2. Further stringent bounds
on w can be obtained of course, as we shall demonstrate in our subsequent analysis.
Defining for convenience the Jordan frame effective DE density ρ
X
and pressure p
X
as
ρ
X
(a) :=
6
(n+ 2) (n+ 3)
[{
a−n − 1 − n (n+ 5)
6
}
ρ(m)
0
a3
+ Λ
]
, (5.9)
p
X
(a) :=
6
(n+ 2) (n+ 3)
[
n ρ(m)
0
3 an+3
− Λ
]
, (5.10)
we have the critical density of the universe given by
ρ(a) :=
3H2(a)
κ2
= ρ(m)(a) + ρ
X
(a) , (5.11)
which satisfies the conservation relation
ρ′(a) +
3
a
[ρ(a) + p
X
(a)] = 0 . (5.12)
It is important to note here that the above definition (5.11) of the critical density ρ is not
the same as the one commonly used in the literature, viz. ρ
J
= 3ΦH2, for scalar-tensor
cosmologies in the Jordan frame [67, 68, 244]. However, from a practical point of view
such a definition leads to difficulties, especially when it comes to comparing the parametric
estimations of a given scalar-tensor DE model with those of ΛCDM or any other minimally
coupled quintessence or k-essence model. This is evident from the fact that for minimal
coupling one uses the standard definition of critical density ρ given by Eq. (5.11) or (4.11),
13There is also a solution n = −2. However, that would render H2 < 0, unless it is stipulated that 2w+3 < 0,
i.e. the non-minimal parameter β < 0 — a possibility which we discard for the reason mentioned earlier.
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whereas with the definition ρ
J
one has the direct dealing with the running gravitational
coupling parameter given in terms of the field Φ (compare Eq. (5.1) with the Einstein frame
Friedmann equation (4.1) and see that the coupling factor κ2 is replaced by Φ−1). For e.g.
the matter density parameter, if defined as Ω
(m)
J =
ρ(m)upslopeρ
J
for a scalar-tensor DE model in
the Jordan frame, inevitably has no correspondance with the definition Ω(m) = ρ
(m)
upslopeρ for say
the ΛCDM or quintessence model. Any comparison of the marginalizations over the matter
density parameter (using observational data) in the scalar-tensor DE model and the ΛCDM
or quintessence model is therefore redundant. Besides, Ω
(m)
J is not truely the matter density
parameter, since it depends explicitly on the field Φ (by virtue of the explicit Φ-dependence
of ρ
J
). So, the very reason for marginalizing over Ω
(m)
J is questionable, lest the technicality
that needs to be sorted out carefully. On the other hand, Ω(m) by definition has no fallacy
whatsoever. Therefore, from the practical point of view as well as for transparency in realizing
the results physically, it is imperative to stick to the definition of Ω(m) as the matter density
parameter, and hence to ρ as the critical density of the universe, while studying cosmology
even for the theoretical formulations in the Jordan frame (see [250] for further elaboration).
5.2 Effective cosmological parameters and their estimation
As a function of the redshift z =
(
a−1 − 1), the Jordan frame matter density parameter is
Ω(m)(z) :=
ρ(m)(z)
ρ(z)
= Ω(m)
0
(1 + z)3
H2(z)
, (5.13)
where Ω(m)
0
= Ω(m)(z = 0), and the rationalized Hubble parameter H(z) given by
H(z) ≡ H(z)
H0
=
[
1 +
6Ω(m)
0
(n+ 2) (n+ 3)
{
(1 + z)n+3 − 1
}]1upslope2
, (5.14)
H0 ≡ H(z = 0) being the Hubble constant in the Jordan frame.
The corresponding DE EoS parameter w
X
is obtained as
w
X
(z) :=
p
X
(z)
ρ
X
(z)
= − 1 + Ω
(m)(z)
1 − Ω(m)(z)
[
2 (1 + z)n
n+ 2
− 1
]
, (5.15)
and hence the EoS parameter of the system turns out to be
w(z) :=
p
X
(z)
ρ(z)
= − 1 + 2 (1 + z)
nΩ(m)(z)
n+ 2
. (5.16)
It then follows that the requirement w(0) < −1upslope3 (for the universe to have an accelerated
expansion at the present epoch) imposes the condition
n > 3Ω(m)
0
− 2 . (5.17)
So the relation n = (1 +w)−1 implies any one of the following:
(a) w <
[(
3Ω(m)
0
− 2)−1 − 1], for either (i) n > 0 ; Ω(m)
0
> 2upslope3 , or (ii) n < 0 ; Ω
(m)
0
< 2upslope3 ,
(b) w > −1 , for (iii) n > 0 ; Ω(m)
0
< 2upslope3 .
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Moreover, as shown earlier, w > −3/2. Therefore since Ω(m)
0
> 0, it is easy to check that
the condition (a) would hold only for Ω(m)
0
> 2upslope3, i.e. for the case (i) above. This implies
an unusually large deviation from the concordance value (≈ 0.3) of the present-day matter
density parameter. As we are not considering our model to differ such drastically from the
ΛCDM model, by the process of elimination of the condition (a), we are left with w > −1
(the condition (b)), which approves n > 0 (the case (iii) above). Furthermore, unlike the case
in the Einstein frame, we are having here the constraint w > −1, tighter than the previous
one (w > −3upslope2), regardless of any fiducial setting, such as Ω(m)0 ≃ 0.3.
As in the Einstein frame, the ΛCDM equations are recovered here in the limit the model
parameter n→ 0. For instance, Eq. (5.8) reduces to the ΛCDM Friedmann equation
H
2
(z) ≡ lim
n→0
H2(z) =
κ2
3
[
ρ(m)
0
(1 + z)3 + Λ
]
. (5.18)
Proceeding as in §4.3, with all notations unaltered, we have the following:
H0 = H0
√(
1 +
n
2
)(
1 +
n
3
)
, (5.19)
Ω(m)(z) =
(n+ 2) (n+ 3) (1 + z)3 Ω
(m)
(z)
[6(1 + z)n+3 − n(n+ 5)] Ω(m)(z) + (n + 2)(n + 3)(1 + z)3[1− Ω(m)(z)]
, (5.20)
where Ω
(m)
(z) ≡ limn→0 Ω(m)(z) is the same as that given by Eq. (4.25).
We obtain the maximum value of the model parameter (n here) to be
nmax =
12
5
∆h (1 + ∆h)
2 , (5.21)
by the procedure 1 (which uses the marginalized ΛCDM Hubble constant H0), and
nmax =
6
5
∆m (1 + ∆m) , (5.22)
by the procedure 2 (which uses the marginalized ΛCDM parameter Ω(m)
0
h
2
).
For the datasets 1-4 (see §4.3), the calculated values of nmax, via both the procedures,
are shown in Table 3. With these nmax values, we work out the effective maximal changes over
the ΛCDM matter density parameter Ω
(m)
(z) and the DE EoS value (= −1), respectively as
δΩ(m)(z) := Ω(m)(z, nmax) − Ω(m)(z) , and δwX (z) := 1 + wX (z, nmax) . (5.23)
Following are the features of the Jordan frame DE evolution:
In the near past: Let us refer to Figs. 5 (a) and (b), which show the variation of δΩ(m)
with z in the range [0, 2] for all the datasets, and for nmax obtained via the procedures 1 and 2
respectively. Unlike the characteristics of the analogous quantity δΩ
(m)
eff in the Einstein frame,
we see that δΩ(m) > 0 initially, and grows with z as we go back in the past, reaches a maximum
and then drops back to zero, and finally becomes negative with rapidly increasing magnitude
as z increases further. Although the δΩ(m) curves are quite different for the different nmax
values (determined by the two procedures), the redshifts of the maximum point and the zero
point change very little (z ∈ [0.5693, 0.5865] and z ∈ [1.0927, 1.1010] respectively) for those
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Observational ΛCDM parameters Fractional error Value of nmax, via
datasets (best fit & 68% limits) estimates procedure 1 procedure 2
1. WMAP_9y Ω(m)
0
= 0.2880± 0.0100
+BAO+H
0
H
0
= 69.33± 0.88 ∆h = 0.01269 0.03123
Ω(m)
0
h
2
= 0.1383± 0.0025 ∆m = 0.01808 0.02209
2.WMAP_9y+SPT Ω(m)
0
= 0.2835± 0.0094
+ACT+SNLS_3y H
0
= 69.55± 0.78 ∆h = 0.01121 0.02751
+BAO+H
0
Ω(m)
0
h
2
= 0.1371± 0.0019 ∆m = 0.01386 0.01686
3. PLANCK_2015 Ω(m)
0
= 0.3156± 0.0091
TT,TE,EE+LowP H
0
= 67.27± 0.66 ∆h = 0.00981 0.02401
Ω(m)
0
h
2
= 0.1427± 0.0014 ∆m = 0.00981 0.01189
4. PLANCK_2015 Ω(m)
0
= 0.3089± 0.0062
TT,TE,EE+LowP H
0
= 67.74± 0.46 ∆h = 0.00679 0.01652
+Lensing+Ext Ω(m)
0
h
2
= 0.1417± 0.00097 ∆m = 0.00684 0.00826
Table 3: Best fit values and 68% confidence limts of ΛCDM cosmological parameters Ω(m)
0
,H
0
and Ω(m)
0
h
2
for different observational datasets, alongwith the corresponding parametric upper bound nmax obtained by
the procedures 1 and 2 in the Jordan frame. The estimated fractional errors ∆h and ∆m, from the H0 and
Ω(m)
0
h
2
limits respectively, used in the procedures 1 and 2, are also shown for each dataset.
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(a) δΩ(m)(z) for nmax determined by procedure 1
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(b) δΩ(m)(z) for nmax determined by procedure 2
Figure 5: Variation (with redshift z) of δΩ(m), the Jordan frame maximal deviation from the ΛCDM
matter density, corresponding to nmax values obtained via the procedures 1 and 2, for the different datasets.
nmax values. Figs. 6 (a) and (b) show the variations of δwX in the redshift range z ∈ [0, 2] for
all the datasets, and for nmax determined by the procedures 1 and 2 respectively. The striking
feature noticed here, in comparison to the (Einstein frame) plots in Figs. 2 (a) and (b), is
that δw
X
< 0 (i.e. w
X
< −1) at the present epoch (z = 0). That is, presently the universe is
undergoing an effective super-accelerating or phantom phase of expansion. In the past, as z
decreases (from say, a value equal to 2), δw
X
changes from positive to negative (i.e. crosses
over to the phantom phase), and attains a minimum (negative) value at a redshift close to
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(a) δw
X
(z) for nmax determined by procedure 1
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Figure 6: Variation (with redshift z) of δw
X
, the Jordan frame maximal change over the ΛCDM EoS (= −1)
for the DE, corresponding to nmax values obtained via the procedures 1 and 2, for the different datasets.
the present epoch, and increases slowly thereafter (but remains negative). The redshifts of
both the crossing point (zc ≃ 0.64) and the minimum point (z ≃ 0.18) are nearly irrespective
of the value of nmax. However, the minimum value of δwX is larger in magnitude for larger
nmax. There is an unevenness in the nature of the δwX (z) curves overall for the different nmax
values, similar to what we have seen in the Einstein frame (for different smax therein). This
can again be attributed to the dependence of δw
X
on the best fit value of Ω(m)
0
.
Up to a moderately distant past: For a fairly large redshift range z ∈ [0, 20], we have the
0 5 10 15 20
z
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
W
HmLHzL
W
HmL
HzL
(a) Matter density parameters for z ∈ [0, 20]
5 10 15 20
z0
-0.2
-0.4
-0.6
-0.8
-1.0
wX HzL
w HzL
w HzL
(b) EoS parameters for z ∈ [0, 20]
Figure 7: Jordan frame evolution, from the present (z = 0) upto a redshift z = 20 in the past, of (a) the
matter density parameters Ω(m) and Ω
(m)
, and (b) the EoS parameters w
X
, w and w. The value of nmax used
is the largest estimated one (= 0.03123 in Table 3).
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evolution of the matter density parameters Ω(m) and Ω
(m)
as shown in Fig. 7 (a), and that of
the EoS parameters w
X
,w and w as shown in Fig. 7 (b). As before, we take as the reference
value of the model parameter, the largest estimated one, viz. nmax = 0.03123, obtained via
the proceduce 1 applied to the dataset 1 (see Table 3). The plots of Ω(m),w
X
and w in Fig. 7
(a) correspond to this value of nmax. We see that up to z ≃ 2, Ω(m) changes very little over
Ω
(m)
, and then deviates more and more from the latter as we go back in the past. Whereas
Ω
(m)
gets saturated to unity at redshifts z & 5, Ω(m) attains a maximum value 0.9596 at
z = 5.1503, and then falls off slowly with increasing z. As to the EoS parameters in Fig. 7
(b), we see that w evolves almost identically as w over the entire range z ∈ [0, 20], whereas w
X
shows some interesting characteristics. At the present epoch (z = 0) we have w
X
= −1.0062,
and as we go back in the past w
X
drops to a minimum value −1.0069 at z = 0.1815, turns
back and crosses the ΛCDM value (= −1) at zc = 0.6424, continues increasing rapidly with
z until slowing down at z ≃ 4, crossing the zero value at z = 5.1503 and increasing further
till attaining a maximum value 0.1745 at z = 10.7731, turning back once again finally and
decreasing very slowly with further increase in z. All these are quite in contrast to what
happens in the Einstein frame, viz. w
X
always stays above −1 (see Fig. 3 (b)).
Near past to the extreme future: Finally, refer to the plots in Figs. 8 (a) and (b),
W
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W
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0.8
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(a) Matter and DE density parameters for z ∈ (−1, 3]
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(b) Dark energy EoS parameter for z ∈ (−1, 1]
Figure 8: Jordan frame evolution up to the extreme future (z = −1), of (a) the density parameters Ω(m)
and Ω(X), and their ΛCDM analogues Ω
(m)
and Ω
(X)
, from a redshift z = 3, and (b) DE EoS parameter w
X
from the near past (z = 1 say). The nmax value used is the largest estimated one (= 0.03123 in Table 3).
showing evolutions all the way up to the extreme future (z = −1), for the reference setting
nmax = 0.03123. While Fig. 8 (a) shows the evolution, say from a redshift z = 3, of the
matter density and DE density parameters, Ω(m) and Ω(X) = 1−Ω(m) respectively, and their
ΛCDM analogues Ω
(m)
and Ω
(X)
respectively, Fig. 8 (b) shows the evolution of the DE EoS
paramter w
X
from an epoch in the near past epoch (at z = 1 say), till z = −1. No noticiable
deviation of Ω(m) from Ω
(m)
(or of Ω(X) from Ω
(X)
) is seen, over the entire future regime
(z < 0) as well as in the past till the redshift is quite high (z & 2), much larger than that at
the matter-DE equality, viz. zeq = 0.3495 (or 0.3522 for ΛCDM). So almost no improvement
– 31 –
is there, as to the resolution of the coincidence problem encountered in the ΛCDM model14.
The evolution of w
X
in Fig. 8 (b) is in many respects similar to that in the Einstein frame (see
Fig. 4 (b)). Nevertheless, the striking difference to be noted is the effective phantom regime.
This is not transient either. With decreasing z, w
X
decreases and crosses the phantom barrier
at zc = 0.6424, continues to decrease till reaching the minimum value w
min
X
= −1.0069 at
z = 0.1815, turns back and increases, but always remains below the ΛCDM value −1. Only
asymptotically, w
X
→ −1 (from below) as z → −1.
5.3 Bounds on torsion parameters and the effective Brans-Dicke parameter
The Jordan frame solution ansatz (5.4) and the Friedmann equation (5.8) enable us to express
the norms of the torsion mode vectors Tµ and Aµ, given by Eqs. (3.42) and (3.45), in terms
of the Hubble rate H as
|T | (z) = 3 Φ˙(z)
2Φ(z)
=
3n
2
H(z) , (5.24)
|A| = 4κ
√
6Λ = 2
√
12H(z)
√
(n+ 2) (n+ 3)− 6 (1 + z)nΩ(m)(z) , (5.25)
in accordance with our prior assumption that Aµ is responsible entirely for the scalar field
mass (following e.g. the proposition 2 in §3.1). Table 4 shows the present-day trace mode norm
Observational dataset Estimations:
|T |
0upslope
H0
∣∣∣
nmax
|T |
0upslope|A|
∣∣∣
nmax
wmin
1. WMAP_9y+BAO+H
0
(by procedure 1) 0.0462 0.0032 31.0205
(by procedure 2) 0.0328 0.0023 44.2694
2.WMAP_9y+SPT+ACT (by procedure 1) 0.0408 0.0028 35.3504
SNLS_3y+BAO+H
0
(by procedure 2) 0.0251 0.0018 58.3120
3. PLANCK TT,TE,EE (by procedure 1) 0.0357 0.0025 40.6493
+LowP (by procedure 2) 0.0177 0.0013 83.1043
4. PLANCK TT,TE,EE (by procedure 1) 0.0246 0.0018 59.5327
+LowP+Lensing+Ext (by procedure 2) 0.0123 0.0008 120.0654
Table 4: Torsion trace parameter at the present epoch |T |
0
in units of H
0
, and the ratio of |T |
0
and the
torsion pseudo-trace parameter |A|, in the Jordan frame. Both the quantities are evaluated at n = nmax. The
corresponding minimum values of the effective BD parameter w are also shown for the various datasets.
|T |
0
≡ |T |z=0, in units of the ΛCDM Hubble constant H0 and |A|, evaluated at n = nmax:[ |T |
0
H0
]
nmax
=
3
√
3nmax√
2 (nmax + 2) (nmax + 3)
, and (5.26)[ |T |
0
|A|
]
nmax
=
√
3nmax
4
√
2
[
(nmax + 2) (nmax + 3)− 6Ω(m)0
] , (5.27)
14It is easy to verify that this is true not only for the dataset 1, which yields nmax = 0.03123 by the procedure
1, but also for the other datasets and the corresponding nmax values.
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using the best fit H0 , Ω
(m)
0
and the nmax estimates (by the procedures 1 and 2), for the
different datasets. Also shown in Table 4, the corresponding range of the lower bound on the
effective BD parameter w =
(
n−1 − 1), viz. wmin ∈ [31, 120] approximately. So, compared
to what have been obtained in the Einstein frame (see Table 2 in §4.4), we have the values of
wmin here to be more in agreement with those found in independent studies [166–169].
6 Transformations relating parameters in the two frames
So far we have dealt with the observational aspects of the DE model that emerges out of
the MST equivalent scalar-tensor theory, assuming any one of the Einstein and the Jordan
frames to be of physical relevance. We have obtained the field equations in the two frames
and considered them to be describing the dynamical evolution of the universe in respective
circumstances. Explicit solutions of such equations enabled us to estimate the model param-
eters which quantify the state of cosmology at any given epoch. However, the question that
remains is that if the solutions in one frame, say the Jordan frame, are known, can we deduce
the corresponding solutions in the other (Einstein) frame without having to go through the
tedious process of explicitly solving the field equations in that frame. We can indeed do that,
but only with the knowledge of how the cosmic time, the scale factor and the scalar field
and torsion parameters transform from one frame to the other. Such transformations could
be fixed by the relations (3.30) and (3.32). The metric redefinition (in terms of the confor-
mal factor) yields two independent equations which, in view of preserving the FRW metric
structure (3.1), defines the cosmic time and the scale factor in a transformed frame. For the
ansatzé chosen in the two frames, viz. Eqs. (4.4) and (5.4), the transformation equations are
t̂ =
∫
dt a
nupslope2(t) , â
(
t̂
)
= a1+
nupslope2(t) . (6.1)
In addition, one may verify that
s =
n
n+ 2
. (6.2)
Note again that the Einstein frame quantities are marked with a (∧) over them. Given an
expression in one frame, the use of the above equations would lead to the corresponding
expression in the other frame. The estimated upper bounds on the numerical values of the
parameters s and n, shown respectively in the Tables 1 and 3, do not however comply with
Eq. (6.2). This is expected, since such estimates have been made assuming either the Einstein
frame or the Jordan frame as the physical frame in the respective analysis. This facilitated
the use of the same observational data for computing the fractional errors ∆h and ∆m in each
of the frames. The idea behind our approach in §4 and §5 has therefore been to differentiate
between the physical viability of the two frames using the computed results. One could have
taken the alternative route of appropriately scaling the observational data using the above
transformation equations, considering the Einstein and the Jordan frames to be physically
equivalent. However, that would inevitably have lead back to the longstanding problem of
dealing with the running coupling constants in a physical theory.
7 Conclusion
We have thus demonstrated that a non-minimal metric-scalar coupling with space-time torsion
may lead to a self-consistent DE model with slow dynamics. The latter of course complies
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with the requirement of not having much parametric distortion from the base ΛCDM model.
Such a requirement arizes naturally in view of (i) the wide observational support of ΛCDM
(despite its theoretical limitations), and (ii) the miniscule experimental signature of torsion
in extensive researches till date. Moreover, one has to get in an agreement with the high
value of the lower bound on the effective Brans-Dicke parameter w in the MST equivalent
scalar-tensor theory. Our analysis in §4 and §5 show that such a bound is indeed tenable in
our non-minimal MST formalism in the standard cosmological setup. While the non-minimal
coupling removes the ambiguity in choosing the MST action, one has to take into account the
constraints on the torsion mode parameters for maintaining the FRW metric structure. The
result of course, is that the trace mode of torsion is sourced by the scalar field, which leaves
us with the arbitrariness only in selecting the potential for the scalar. As it turned out, for
an almost ΛCDM like DE model, it suffices taking just a mass term for the scalar field. We
have made propositions for such a scalar field mass (or, at least a part of it) out of torsion
itself, in a way that the completely antisymmetric part of the latter gets eliminated via a
suitably chosen constraint. Thus overall, the MST action gets reduced to the scalar-tensor
form, alongwith the potential of the scalar field given by its mass term, and the cosmological
matter as the non-relativistic dust. Now, a major obstacle in the scalar-tensor theory is to
choose between the two frames, Einstein and Jordan, the “physical" one for interpreting the
observational results. One may of course consider the two frames to be physically equivalent,
provided in one of them the units of length, time and mass are explicit functions of the scalar
field (and therefore time-varying) [67, 68]. We have however discarded such a scenario (on
account of its feasibility), and have also taken the non-minimal coupling parameter β to be
positive definite (so as to ensure that the underlying quantum theory is bounded from below).
Considering rigit sets of units in both the frames, our objective has been to carry out the
analysis separately in the Einstein frame (supposing it to be the physical one), as well as in
the Jordan frame (supposing it to be physical). This is of course a safeguard approach, in
lieu of getting involved in the longstanding debate as to which frame is actually physical.
From the technical point of view, instead of performing a likelihood analysis, we have
stipulated that the cosmological parameters for our model to be kept within the 68% con-
fidence limits of the corresponding ones for a reference ΛCDM model. This enabled us a
direct way of complying with the modern acceptance range of the present-day values of the
cosmological parameters, via a reasonable order of magnitude estimation of the same. We
have referred to two procedures of determining the statistical upper bound on our model
parameter from the ΛCDM parametric marginalizations for a few recent datasets. Such pro-
cedures have been followed in both the Einstein frame and the Jordan frame analysis in § 4
and §5 respectively. What we have observed is that, even with the small parametric changes,
there are significant characteristic differences of our model with ΛCDM. Most notably, the
effective EoS parameter w
X
for dark energy in the Jordan frame crosses over from a value
> −1 to a value < −1 in the near past. It then reaches a minimum value, turns back but
continues to remain below −1 throughout the present and future evolution of the universe.
Such a crossing is usually not tenable in the scalar field models of DE, e.g. quintessence or
k-essence, unless there is(are) ghost or phantom degree(s) of freedom involved, which bring(s)
in instabilities [247]. However, in our case we have the effective cross-over to the phantom
regime in a Brans-Dicke equivalent theory, which is at least stable against cosmological den-
sity perturbations [67, 68, 248, 249]. So unlike most of the scalar field DE formulations,
our MST cosmological setup in the Jordan frame does not pre-assign a theoretical limita-
tion for the statistical marginalization of the cosmological parameters using the observational
– 34 –
data. Another important aspect is that in the model-independent parametrizations of DE,
the phantom barrier crossing is actually favoured (albeit mildly) by the recent observational
data. For example, the Planck 2015 (TT,TE,EE + LowP + Lensing + Ext) results [22, 23]
show that w
X
given by the Chavellier-Polarsky-Linder (CPL) ansatz [245, 246], has the best
fit value at the present epoch w
X
(0) = −1.019. One may check that estimations close to
this value would indeed be obtained from our analysis in §5, for the same Planck data (i.e.
the dataset 4 in Table 3), viz. w
X
(0) = −1.0037 (corresponding to n = nmax = 0.01652, by
procedure 1), and w
X
(0) = −1.0018 (corresponding to n = nmax = 0.00826, by procedure 2).
Finally, we should emphasize the high minimal estimates (corresponding to the different
datasets) of the effective Brans-Dicke parameter w, found in both the Einstein frame and the
Jordan frame analysis in §4 and §5 (see Tables 2 and 4). Such high estimates are in agreement
with the values obtained in many independent studies [166–169], which are therefore in sup-
port of our MST-DE model. In fact, they also imply that the BD theory is not much deviated
from GR. In our case, since we have torsion as one of the key ingredients in the effective BD
formulation, the high estimates of the lower limit of w simply mean that the direct effects of
the torsion modes on the space-time geometry are very weak. Especially, for the late-time
cosmologies, one always expects torsion to have a minor role. This is indeed reflected in the
smallness of the upper limit on the present-day value of the torsion trace mode parameter
shown in the Tables 2 and 4. So, the effective DE evolution in our MST formalism must be
attributed to the effect of the coupling of torsion with the scalar field, or more appropriately,
that of the mass of the scalar, whether due to the torsion pseudo-trace or otherwise.
Some open questions are in order: (i) what about the mathematical stability of the
above formalism, i.e. against small fluctuations in the solution space? (ii) what about the
stability against density perturbations? (iii) what if the cosmological dust interacts explicitly
(in a very non-trivial way) with torsion? (iv) what if we take some other cosmological fluid,
e.g. Chaplygin gas, instead of dust? (vi) can the scalar field source of the torsion trace mode
have the interpretation of a chameleon, and if so, for what potentials? (v) what if choose to
consider the non-minimal coupling in some other form, or assign a dynamical source to the
torsion pseudo-trace (such as the Kalb-Ramond field)? Attempts have been made to address
some of these [250, 251], and studies are in progress [252, 253] which we hope to report soon.
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